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THE TEACHING OF GEOMETRY IN SCHOOLS. 
REPORT OF 1923. 


1. 


By H. F. Baxsr, F.R.S., Lowndean Professor of Astronomy and Geometry, 
Cambridge. 


Tue Editor of the Gazette has asked me to write some words in regard to the 
recently issued Report on the Teaching of Geometry in Schools. I do not 
think I have much claim to be heard ; and I have consistently abstained from 
taking any part in the various discussions of this matter. I have never had 
the task of trying to induce a large class of inattentive boys to take an interest 
in geometrical things, nor coached abler boys for scholarship examinations. 
I can speak only from remembrance of my own feelings as a schoolboy and 
as an undergraduate—from a limited personal experience of particular boys 
in whom I have been interested—and from a long record of teaching, and 
examining, boys of twenty, of all sorts of ability. Thus I must refrain from 
detailed criticism of the Report, and limit myself to general principles. But 
I have formed strong opinions, nevertheless, as to these; and they do not 
agree very much with the point of view revealed even by so enlightened a 
Report as this one certainly is. Iam grateful for the opportunity of attempt- 
ing to set these forth ; but there remain, of course, many questions of detail 
in regard to which such a sketch as can be attempted here must be unsatisfying. 
A reform such as I desire to see can be made only gradually, and with the 
co-operation of many teachers. I myself certainly do not know what degree 
of compromise may be necessary on particular points ; I should think it varies 
infinitely from pupil to pupil. Moreover, from all sides one gets the same 
impression, that to few school masters do present circumstances allow either 
the energy or leisure adequately to think out and try new methods of pre- 
senting their subject. 

In the first place, what is the aim of school geometry ? Apparently it may 
be one of three different things, and is, therefore, probably, a mixture of these. 
It may be the utilitarian aim of making the boys familiar with the mensuration 
of rigid bodies, mainly for the sake of the applications of this knowledge they 
may be able to make in other subjects, or in after life. It may be the practical 
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aim, justifying the existence of the teacher, of giving boys a training in logical 
thinking in this, as in any other subject for which credit may be obtained by 
success in examinations. Or lastly, it may be the abstract aim of getting 
boys to feel an interest in geometrical fact and geometrical thinking. As - 
regards the first, everyone will concede that all of us ought to have a training 
in the mensuration of rigid bodies ; but this is not the same as granting that 
this is the main part of geometry. As regards the training in logical thinking, 
there is, so far as I have ever séen, very little evidence to support the view 
that the power of logical thinking can be taught. On the contrary, it is 
amazing that a child of nine has often as great a subtlety, and as clear a per- 
ception of differences, in regard to familiar things, as it will ever have in after 
life. What the child gets after this is increased familiarity with the relations 
of existing things; what it needs is extreme care that its delight in making 
distinctions is not overstrained, and cautious feeding with the natural history 
of things, just so far as, and no further than, its own natural curiosity 
prompts. And to set a young person to work for success in examinations is, 
I believe, almost wholly evil both for pupil and teacher, so soon as it becomes 
a conscious aim; how many times is this brought home to one who has to 
do with candidates for scholarships! But if, lastly, even with school children, 
it is legitimate and possible to think of educing an interest in geometrical 
fact and in geometrical thinking, then the matter assumes a new aspect alto- 
gether. Most of the things we say we believe, and most of the things we 
say are obvious to us, we do not believe by an act of individual judgment ; 
but because, through one influence or another, we have formed the habit of 
believing and saying that we believe them. And when’ we have practised 
this habit long enough, we become physically incapable of changing our belief 
that such, or such, is clearly obvious. If this be so, surely a greater responsi- 
bility rests upon schoolmasters and teachers than on any other members of 
the community: not to teach children, as clearly true, things which a more 
extended experience cannot justify as certain; it is only laying up obstacles 
which it may take years of later life to clear away. 

Do we sufficiently grasp that Euclid’s system of geometry was made by 
grown men, the ablest mathematicians of one of the wonderful times of the 
world’s history, and was subject, in the first instance, to the judgment of 
grown men? And that it is the outcome of a long period of mental struggle 
in which only very gradually did the distinction become clear between a 
natural history of the space properties of the bodies we perceive, and a system 
of reasoning in regard to conceptions defined, or assumed, as abstractions ? 
Why should we suppose young boys ready to see this distinction ? And, 
granting this, do we not do them a lasting disservice by repeatedly mixing up 
an abstract theory with appeals to their experience of rigid bodies ? It would 
seem, for example, that the present Report takes the view that there is only 
one abstract thing to which the name Plane is applicable, though, how this 
is to be defined is, of course, presumed to be beyond the child’s grasp; and 
that, in this plane, it is certain, and almost obvious, that a rectangle can be 
constructed, and indefinitely duplicated. And, making this assumption, it 
proceeds gravely to discuss, whether it is better to present this fact first, or 
to make a like assumption about the certainty of the existence of similar 
figures in general, and deduce the former from the latter. Or, again, the 
Report writes in regard to superposition, “‘ The method of superposition should 
not be used at any stage” (p. 26). “If we say that two bodies are equal 
when they can be superposed by means of movement without deformation 
we are commiting a petitio principit”’ (p. 27). Of course I agree with this 
statement. But, are young boys to learn that two lines can be equal in virtue 
of an abstract principle of congruence, without being of equal length? And 
is not the test of equal length, for schoolboys at least, the possibility of the 
superposition of the same measuring rod? Even the writers of the Report, 
in their explanation of the application of the principle of congruence (p. 29), 
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fall to the temptation of speaking of the given sides of the triangle as being 
of given lengths. And Euclid’s construction for a line drawn from a given 
point, to be equal to a given line, is the compromise which depends on the 
property of a circle; to a schoolboy this must surely depend on the super- 
position of any radius on any other. As I have said, I agree entirely with the 
inadmissibility of superposition ; but does not this come very near, for school- 
work, to admitting that the assumption of congruence is unwarrantable, as 
I should myself maintain ? Is it not nearly equivalent to giving up the case 
for making elementary geometry a collection of theorems about equal lengths, 
which seems to be the conception of the Report ? A similar question is the 
statement on p. 41, that there is no difficulty in comparing an angle between 
two directions at one point with an angle between two directions at another 
point. There seems to me to be, in abstract geometry, not merely a difficulty 
but an impossibility, unless you are willing to bluff boys into believing things, 
because you say they are true. There is, of course, no difficulty in applying 
a graduated circular arc to both angles, regarded as physical things. 

Thus I think Euclidean Geometry, as it gets taught in schools, militates 
against the aim of educing the best kind of interest in geometrical things, 
because the formalism of its abstract character, and the practical illustrations 
with which it is accompanied, cannot be kept distinct; but also for two 
other reasons: In the first place, it is almost entirely concerned with how 
long, or how big; in the second place, it is mainly concerned with figures 
in a plane. 

Now, as has been said, children should doubtless be taught to use measuring 
rods, and other geometrical instruments, as well as to recognise shapes, and 
similar figures, and symmetrical figures. But, as I think, the main aim in 
geometrical training should be to teach boys to take a delight in knowimg, 
and discovering, and dwelling on, theorems which reveal the more surprising 
coincidences of points, or lines, or planes, ina figure. A boy ought to be pleased 
to learn that the perpendiculars of a triangle meet in a point; that the mid- 
points of the diagonals of a complete diagonal lie in line ; that an orthogonal 
tetrahedron has an orthocentre ; and so on indefinitely. And he ought to 
get at such things by making diagrams, and by making models ; he should, 
I think, get more credit for making a good model, which brings out coincidences 
clearly, than for learning up and writing down a formal proposition of plane 
abstract geometry. Moreover, he should be taught rather to deduce pro- 
positions of plane geometry from those of solid geometry than the converse. 
A plane figure is itself an abstraction ; to learn to interpret plane diagrams 
as representing objects, is a quite definite step in a child’s development. (The 
examples given in the Report, pp. 23 and 24, are nearly all of metrical results, 
and have scarcely the same object in view as here.) 

In brief, as I think, school geometry should not contain any formal logical 
propositions until a very extensive knowledge has been acquired of the natural 
history of the commoner theorems of coincidence of points, and lines, and 
planes ; and this should be acquired by experience of diagrams and models. 
The order in which this experience should be obtained requires, of course, 
careful thought. The formal logical stage should, however, be almost entirely 
a coordination of known facts. 

These, however, will in reality be facts about physical bodies; and there 
is still the question how are we to conceive the abstract entities on which 
we exercise our logic? If a conceptual scheme of abstract geometry is to 
be taught at all, surely great care must first be given to making clear, without 
using technical terms, that this is not the same as the natural history of 
physical perceptions. And then, such conceptual scheme as is taught must 
not be one which further study will lead the boy to discard as making too 
narrow, or false, assumptions ; and, it must not be dull, and over minute, 
and hard to remember. Both these conditions appear to me unfulfilled by 
our present practice. 
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But the alternative, as in all reforms, must clash with tradition ; and must 
therefore seem impossible to many. The first. three difficulties are, in the 
replacement of the middle point of a given segment, in the treatment of the 
intersections of lines, and in the definition of lines at right angles. Let us 
consider these briefly in turn. We imagine that a boy is to hear of a rect- 
angle, and its two diagonals, bisecting one another. Does it really increase 
the difficulty, to a boy who has acquired facility in drawing rectilinear diagrams, 
to point out to him that the rectangle is a particular case of a complete quadri- 
lateral ? Properly led, he will, at first, raise the objection that the two interior 
diagonals of a quadrilateral do not bisect one another. Thus he gives the 
teacher the chance he was looking for. The boy can be taught that, given 
three points of a line, in a plane, two points and a reference point, there can 
be constructed, with the ruler only, a third point, the harmonic of the reference 
point in regard to the other two. He should be interested in seeing it proved, 
by turning the plane about the line, that this fourth point is unique; a boy 
who has been familiarised with the model for Desargues’ theorem as to triangles 
in perspective will prove it for himself. He should be glad to be shown how 
to manipulate a harmonigram, an arrangement of rods, with pegs of some of 
these rods running in grooves of others, by which the fourth harmonic point 
can be constructed. And it will, or should, be a cause of wonder to him to 
see how all the elementary properties about mid-points, with which his training 
in the mensuration of rigid bodies has made him familiar, are particular cases 
of properties about harmonic points. 

After this, or concurrently, the boy may surely be made to see that the 
main property of the intersection of two lines is that this point suffices 
to determine an unique line through any arbitrary point of the plane. This 
may be brought home to him by the well-known construction for drawing 
a line through a given point to go through the intersection of two lines which 
do not meet on the paper—only the ruler being used. Then, if the notion of 
parallel lines must be brought in at all, or any reference to inaccessible points 
(at infinity or otherwise), the boy can be shown that two parallel lines equally 
suffice to determine an unique line through an arbitrary point of the plane— 
till, finally, the boy gets the idea that any two lines determine, effectively, 
a goal, an aim, a tendency, or, as we say, a point. Considering that Kepler 
(1604), a practical astronomer, and Desargues (1639), a practical architect 
and teacher of Pascal, had already fully grasped the idea that any two lines 
in a plane intersect, in the above sense, 300 years ago, it is difficult to be 
patient with the reluctance there seems to be to admitting the notion. Des- 
argues’ words are clear enough, “‘ Pour donner 4 entendre de plusieurs lignes 
droites, qu’elles sont toutes entr’elles, ou bien paraléles, ou bien inclinées & 
mesme point, il est icy dit, que toutes ces droites sont d’une mesme ordonnance 
entr’elles.” And, by the way, it is disappointing to find that the present 
Report sandwiches something called Projective Geometry, to be learnt only 
after the age of 16, between ‘‘ Systems of Circles’’ and “‘ Geometrical Conics,” 
of which the latter, by itself, is deadly (p. 16). 

But when once it is seen that any two lines determine something which 
functions as a point of intersection, and then the corresponding thing for two 
planes, the coast is clear for a host of simplifications which will delight the 
boy who has been properly taught. Examples need not be cited, unless per- 
haps the one: the replacement of the proposition, difficult to many beginners, 
that a plane can be drawn through one line which shall be parallel to another 
line. And when this host of simplifications has become familiar by actual 
models, how much easier and briefer than Euclid’s system is the system of 
foundational theorems on which all the geometry can be built! And with 
this inestimable advantage: the boy has not been bluffed into acquiescing 
in assumptions, given out as obvious facts, before he can appreciate the dis- 
tinction between things which are true and things which are taken for the 
sake of argument. These foundational theorems are in fact only two: 
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(1) the body of Propositions of Incidence ; (2) the Theorem of Pappus ; that 
the cross joins of two sets of three points, on two lines, give three collinear 
ints. 

The third of the fundamental steps I have noted above, that of the defi- 
nition of lines at right angles, is perhaps open to more difference of opinion, 
and I leave it aside, in this sketch, already long. 

And indeed, looking over the suggestions made, so simple and inevitable 
as they seem to me, I can imagine the experienced schoolmaster casting his 
eyes over the considerable library of existing text-books of elementary geo- 
metry, and thinking of the hours spent in making the usual intricate geo- 
metrical proofs, I can imagine him throwing up his hands in horror. ‘ What 
of the examinations ?”’ “If Geometry is to be made so easy, and so delight- 
ful, can we continue to claim its importance as a school subject?” Right 
through this Report we see the writers glancing up at the Examiner standing 
over them (pp. 20, 23, 31, 32, 50, 58, 64, 68). But, as the Report also 
emphasises (p. 58, etc.), examiners were made for schools; not schools for 
examiners. It is clear enough, of course, that a live system of geometry 
requires sympathetic examiners, as it requires teachers with energy and 
leisure. While, as to the difficulty that a school subject should not be 
delightful to the boys, it belongs, I think, to an outworn theory of education. 

So then, I will brave the criticism that the suggestions made are unpractical. 
For long years it sounded unpractical also that young boys should learn to 
differentiate. When the writer was a schoolboy, le had an ambition to know 
what differential calculus might be about, founded perhaps, pathetically 
enough, on Macaulay’s recorded veneration for the subject.* He bought Tod- 
hunter’s Differential Calculus, on the sly, and kept it in a secret place—not 
reading it, since it was forbidden, till the appointed time came. That volume 
he would treasure now if, unfortunately, someone had not forgotten to return 
it to the lender. But in process of time there arose teachers who could break 
through a tradition ; armed with powerful words like graph, and gradient, and 
slope, they have broken down the walls, and boys of tender years may enter. 
Will there not in time arise some to teach also descriptive geometry ? Such 
will win the gratitude of those to whom Elementary Pure Geometry is a 
sterile subject, which might be interesting if it were not principally an exercise 
in memory. But they will do a more important thing. For this descriptive 
geometry, or geometry of position, includes all the geometry there is (even 
the Analysis Situs which cannot make itself rigorous without assuming 
co-ordinates); and under astonishingly few general principles. 

H. F. Baker. 


II. 
By Prorsessor M. J. M. Hix, F.R.S. 


I tumt myself to a consideration of the proposal in section III (3), p. 35, 
of the Report to substitute the Principle of Similarity for the Parallel Postulate. 
I have advocated this action in an article printed on pp. 410-413 of the Mathe- 
matical Gazette for December 1923, and headed the Postulate of Parallels, and I 
hope that the Mathematical Association will urge the adoption of this policy in 
elementary school teaching, with all the influence at its command. It seems 
to me to represent all the difference between teaching by rule and teaching 
by an appeal to reason. ; 
Unfortunately, I find myself in disagreement with the detailed typical 
proofs numbered (II) and (III) on page 39 of the Report. With regard to 


* Life and Letters, Popular Edition, 1889, p. 610. Cf. p. 64 of the same delightful volume. 
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No. (IL), I express my view with great diffidence, as the ground it covers is so 
difficult ; but I feel that, unless something else is substituted for it, the policy 
urged in the Report will be completely wrecked. 

The words in the argument in Proof No. (II), to which I think ccveption 
must be taken, are printed in italics below. They occur in the discussion{of 
the third alternative, which is as follows : 

A transversal ABC makes the exterior nee ABX greater than the interior 
opposite angle ACY. 


A B K Cc 
Fig. 1. 


Take any arbitrary point S on BX, and join CS. 

In this third alternative ACS is less than ACY, whilst ACY is less than 
ABX, which is the same as ABS. 

Hence ACY is an angle between ACS and ABS. 

There is therefore a point K between B and C, such that the angle AKS is equal 
to the angle ACY. 

Then the triangle on BC, which is similar to the triangle BKS on BK, has 
BX and CY for sides, and therefore in this case also CY cuts BX. 

Now, the words printed in italics seem to me to cover a hiatus in the 
argument. It is in the first place an appeal to the principle of continuity. 
But it is generally agreed that proofs not resting on the principle of con- 
tinuity are to be preferred to those that do. Passing over that point, however, 
the words printed in italics will be taken to mean that as a point P goes 
from C to B, the angle SPA increases continually from the value SC'A to the 
value SBA. 

Now, as it is not yet proved that the Postulate of Parallels holds in 
this case, it is necessary to leave open the possibility of the Geometry being 
Hyperbolic or Elliptic. If it be Elliptic, then the changes in the angle are of 
the same nature as those which occur in corresponding circumstances on the 
sphere. 

P What these changes are will be clear if we examine Fig. 2. 

Let EZ, F, G, H be four points on a great circle of a sphere, the distance 
from each point to the next measured on the sphere being a quadrant. 

Draw the great circle HG at right angles to the great circle HFGH. 

Take S on EG, so that the are HS is less than a quadrant. 

Then as a point P describes the semicircle GFE, starting from G, the 
angle SPE decreases from a right angle to a minimum value occurring when 
P is at F, where it is equal to the angle which the arc SE subtends at the 
centre of the sphere. As P goes from F to EH, the angle SPE increases from 
the above-named minimum value to a right ‘angle. Now take points K, L 
or the arcs FG, FE equidistant from F. Then it may be shown that the 
angle SKE is equal to the angle SLE. 

Now, if we suppose the point C of Fig. 1 to be at the point K of Fig. 2, 
and the point B of Fig. 1 to be on the arc LE, then, as P moves from C to B, 
along the arc KFLB, the angle SPE first diminishes from SKE to the mini- 
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mum value SFE, then increases from SFH through SLE (which is equal to 
SKE) up to SBE. 

Hence the obvious suggestion of continuous increase made in the words 
printed in italics above cannot be upheld. 

It seems to me that the difficulties surrounding the argument in this typical 
proof, numbered (II) on p. 39 of the Report, are of such a nature that it 
would be unsafe to recommend that proof for use in the Schools. 


G 


Fia, 2. 


My comment on the typical proof, numbered (III) in the Report, is of 
a quite different nature. This proof is the opening move in the demon- 
stration given by Professor Nunn (though it is set forth for the most part 
in outline only) on p. 71 of the Mathematical Gazette for May 1922. I venture 
to suggest that Professor Nunn should be asked to publish his proof in full, 
exactly as he would explain it to a beginner. It is somewhat long, containing 
several propositions ; but the propositions are quite simple. An interesting 
fact is, that Professor Nunn proves that the sum of the angles of a triangle 
is equal to two right angles before he reaches the postulate of parallels; and 
in this single particular his argument resembles that given by Saccheri in 
his Euclides ab omni naevo vindicatus, and differs from Euclid’s order of 
arrangement. 

Saccheri’s proof is so long and intricate that it is impossible for beginners. 
Professor Nunn’s proof comes, I believe, next in order of publication to 
Saccheri’s in the category of valid proofs. 

My own, I hope, will be found to belong to that same category. 

It is printed in the December 1923 number of the Mathematical Gazette, 
pp. 410-413. 

." trust that the Mathematical Association will subject the proofs referred 
to above to a searching examination, and then decide which is to be recom- 
mended for use in the Schools. M. J. M. Hitt. 

University College, London, 
19th January, 1924. 
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By W. J. Dopss, M.A. 


No member of the Mathematical Association can doubt that this Report is 
of first-rate importance, and that it must make considerable impression on 
geometrical teaching, at any rate in this country. It is fitting that such a 
Report should have been prepared by an influential committee of the asso- 
ciation which has grown out of the Association for the Improvement of Geo- 
metrical Teaching. I trust that every member has read it through not once 
nor twice, finding with each successive reading more and more food for thought. 
There is so much in the Report that it is not possible adequately to discuss 
the whole of it in the time available at a single meeting. I must limit my 
remarks to comparatively few details. Let us take the chapters in order. 


Chapter I. This chapter will, I think, meet with general approval, except 
from the old-fashioned type of teacher, and there are many such, who be- 
lieves that every boy who cannot write out Euclid I. 4 is necessarily quite 
innocent of Geometry. Such teachers will only with difficulty be persuaded 
to read this Report at all. The two paragraphs at the end of the chapter 
(p. 13) concerning the teaching of Geometry in technical schools suggest a 
question on which I shali have something to say later on. Is it desirable 
that Algebra, Geometry, Trigonometry, etc., should not emerge as separate 
subjects until the specialist stage, and perhaps not at all in a school course ? 

By the way, the very interesting reference to congruent crosses (p. 11), 
which unify the angle properties of the circle, suggests a sequence which will 
not command general assent, viz. the proof of the Rectangle Theorem before 
the Angle properties of the circle. A treatment something like the following, 
assuming only that the angle in a semicircle is a right angle and conversely, 
appeals more strongly to me: 

Let O, and O, be opposite ends of a diameter of a circle and AA’ any chord 
perpendicular to this diameter. Let denote the angle AO,A’ and let AB be 


any line-segment drawn from A. A rotation through the angle w about 0, 
as centre of rotation will transfer AB into position A’B,; and a rotation 


* A paper read at a meeting of the London Branch at Bedford College, Regent’s Park, on 
22nd March, 1924. 
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through the angle 7 + about O, will transfer AB into position A’B,, such 
that A’B, and A’B, are in opposite directions along the same straight line. 
It is easy to see that when O, and 0, are on the same side of AB they must 
be on opposite sides of B,B,; and when O, and O, are on opposite sides of 
AB they must be on the same side of B,B,. But O, and O, are both equi- 
distant from the lines AB and BB,. Hence 0,0, must subtend a right angle 

at the point P of intersection of AB and B,B,. Thus the point P is con- 
cyclic with O,, A, O,, A’. Also, conversely, if P in AB is concyclic with 
CO, By Oye As then the cross formed by the pair of lines (PA, AO,) can be 
transferred to take up the position of the cross formed by the pair of lines 
(PA’, A’O,), either by rotation about O, or by rotation about O,. It is easy 
to generalise this result by taking 2 line-segments 4B and AC both drawn 
from A, and thus remove the limitation that one of the four cyclic points 
should be situated at O,. Thus, if A, A’ are distinct points, the four points 
A, A’, P, Q are concyclic if, and only if, the cross formed by the pair of lines 
(PA, QA) is directly congruent with the cross formed by the pair of lines 
(PA’, QA’). 

Chapter II. deals with the division of the Geometry course into stages and 
the early informal treatment of Solid Geometry. The three stages, (A) Ex- 
perimental, but utilising the introduction of deductive work as opportunities 
occur, (B) Deductive, but not without appeal to intuition, (C) Systematising, 
with the deductive method supreme, are excellent, if they are properly inter- 
preted. I have nothing but praise for this arrangement. In passing, it may 
be well to mention that here in London the boys who pass with scholarships 
from the Elementary Schools to the Secondary Schools commence their Secon- 
dary School course at the age of about 114 years. This leaves about 1 year 
for their Stage A, and in my opinion 1 year should be ample ;_ but, to prevent 
the danger of the work becoming desultory and aimless, masters are required 
who possess some broad mathematical outlook. 

Under the heading Stage C a startling suggestion is made of an alternative 
to the well-known path through the parallel-postulate, and this alternative is 
discussed at greater length in the next chapter. 


Chapter III. deals with eight disputed points, and might well occupy the 
whole time available for this meeting. 


(1) Congruence and Superposition. I must be brief. My considered 
opinion is that a teacher will do no harm to any boy by guarding as a pro- 
fessional secret the discovery that the method of superposition is a tissue of 
nonsense. To quote from Chapter I. with a very slight change, “ the standard 
of proof must be adjusted to the learner’s mentality rather than determined 
by the position which Russell has reached at a given moment.” Although 
Geometry deals with space and not with matter, at first, geometrical facts 
are all related to the actual world; and although motion, in the ordinary 
sense, is only possible to matter, not to space, the boy makes his Geometry 
concrete, but abstracts from the moved or moving figure all its | physical pro- 
perties except its shape and size. Td yap ddpata ard KTirews Kéopov 
Tois voovpeva KaBopara, (* For, ever since the world was created, 
the unseen things are clearly seen, being perceived through the things that 
are made.’’) 

Let us take an example: A BC is any given triangle. A boy makes a copy 
A’B’C’ of it on tracing paper. I hold the tracing paper in my hand now. 
It is a wonderful sheet of tracing paper. You cannot see it. The lines on 
it have no thickness at all; yet you can see them. I move it about and 
turn it over. It does not bend but remains perfectly rigid. The boy thinks 
like a child. For Geometry’s sake do not tell him that it is all a tissue of 
nonsense. He sees that the corner C’A’B’ must fit in the corner BAC with 
AC’ along AB and AB’ along AC. And what if 4B is known to be equal 
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to AC to begin with ? Then clearly C’ will fallon Band B’onC. C’B’ will 
fit on BC. The angle A’C’B’ will fit on the angle ABC. ‘Thus the base 
angles of an isosceles triangle must be equal. The boy is getting on. Ata 
later stage he may be able to set out the proof without reference to traci 

paper, and perhaps in time he may put away childish thoughts altogether 


A 


Fig. 2. 


and attain to the following: Let ABC be a triangle in which it is known 
that AB=AC. Thus on side AB we have a triangle ABC, and attention 
is drawn to the congruent triangle ACD, which exists on the equal side AC 
and on the B-side of it. .AD necessarily lies along AB and is equal to AB. 
Hence D and B are one and the same point. Thus the angle ADC is the 
same angle as ABC. ADC=LACB. -. LABC=L ACB. 


(2) The Motion of Figures. It is comforting to find that the right to make 
geometrical use of the idea of motion can be maintained. But cannot the 
use of the method of superposition be maintained in much the same way ? 
I think so. We read (p. 35), “‘ Once it is understood that the idea of rigidity 
presupposes the existence of congruent figures, no restriction need be set on 
the use of rigid moving figures.” To the schoolboy the idea of rigidity comes 
first and helps him on to the idea of congruent figures. The motion of rigid 
figures is a familiar idea to him, and is suggested in its simplest forms by the 
rotation of a cylindrical shaft in its bearing and by the motion of a piston 
in a tightly fitting fixed cylinder. If space will not admit of such movements 
within it, then so much the worse for space. 


(3) The Principle of Similarity and the Parallel-Postulate. In the non- 
Euclidean geometries it is assumed that Euclid’s Parallel-Postulate, or its 
equivalent, is not true, and some other postulate is substituted, with the result 
that many of the Euclidean results are contradicted. For instance, in the 
Non-Euclidean Geometries such a figure as a rectangle does not exist, and 
similar triangles are non-existent. By assuming instead of the Parallel- 
Postulate some other appropriate Euclidean property, the Parallel-Postulate 
may be proved as a necessary consequence. A suitable assumption might be 
that the properties suggested by the use of squared paper are true throughout 
space. In the report with which we have to deal this afternoon the suggestion 
is to assume that any figure can be reproduced anywhere on an enlarged or 
diminished scale, and, among other advantages, it is claimed that the diffi- 
culty of dealing with incommensurables is thereby overcome. There is a 
subtlety about this argument which may appeal to the academic mind, but 
to any schoolboy such a claim can only appear as a piece of sophistry. What 
does a schoolboy understand by the statement that the Earth’s diameter is 
about 8000 miles? He understands that if a straight hole could be bored 
through the centre of the earth, and if 640,000 surveyer’s chains could be 
attached to one another, end to end, and passed through the hole, then they 
would extend from surface to surface. He abstracts all physical properties 
except rigidity from the links. A piece of string, to be subsequently measured 
by repeated applications of one chain, would do equally well. And what will 
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he understand by the assumption that any given triangle can be reproduced 
anywhere on an énlarged scale? Surely something like this: Let ABC be 
any given triangle, and D any point in space from which any ray DL is drawn. 
Let us try to measure AB in centimetres. Suppose that AB is greater than 
c centimetres but less than c’ centimetres, where c and c’ are two nearly equal 
numbers not necessarily integral. Along DL there exists a length DE greater 
than c feet but less than c’ feet, however small the difference may be between 
candc’. Thus there is no approximation to the length of AB in centimetres 
which cannot be equally an approximation to the length of DE in feet. This 
will satisfy him, and I think adequately, that AB may be reproduced as DE 
on the enlarged scale. Then he will agree that a triangle DHF exists of the. 
same shape as ABC. It possesses the properties that the angles of DEF are 
respectively equal to those of ABC. Also, if BC is greater than a centimetres 
but less than a’ centimetres, then ZF is greater than a feet but less than 
a’ feet, etc. 

Of course, such an assumption, if accepted, would greatly accelerate the 
acquisition of geometrical knowledge. Let us apply the assumption to a 
single example: Let ABC be a triangle in which it is known that AB >AC. 
Thus on side AB we have a triangle ABC, and attention is drawn to the 


A 


3. 


similar triangle ACD which exists on the corresponding side AC and on the 
B-side of it. AD necessarily lies along AB and AD< AC because AC<AB; 
“. AD< AB. Thus D lies between A and B; .. .ADC>zABC. But 
LADC=LACB; LACB>LABC. 

In reading the Report, however, one cannot fail to be struck by the fact 
that the angle properties of parallels require only the assumption that given 
a — then an equiangular triangle exists on any given line-segment as 
side. 

(4) Directions : Parallels and the Angle-Sum. I have nothing but praise 
for this section of the Report, which exposes in the most lucid manner the 
fallacy of a method much used and referred to in the Report (p. 41) as en- 
dorsed by the Board of Education Circular 711. 

On the next three topics, (5) Limits, (6) Symmetry, (7) The Area Group of 
Theorems, so admirably set out, I will make no comment. 

(8) Incommensurables. Incommensurables are not peculiar to Geometry, 
and in my opinion it is not desirable that the student should have no idea 
that such numbers exist until he meets with them in Geometry. The Com- 
mittee agrees that the proof of the main Similarity Theorem must be confined 
to commensurablés, and I think this involves a similar restriction in Algebra. 
There is a distinct suggestion in this section that a schoolboy can have no 
adequate idea of addition and multiplication applied to any but rational 
numbers except through the medium of Geometry. Turning to Hardy’s 
Course of Pure Mathematics I read, “ It is convenient, in many branches of 
mathematical analysis, to make a good deal of use of geometrical illustrations. 
The use of geometrical illustrations in this way does not, of course, imply 
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that analysis has any sort of dependence upon geometry : they are illustrations 
and nothing more, and are employed merely for the saké of clearness and 
exposition.” 

Now the schoolboy is continually confronted by incommensurable numbers, 
It is pointed out at the end of this section of the Report (p. 55) that ‘‘ the 
operations of measuring involved in the early practical work will do much 
to prepare the mind of the pupil for an understanding of incommensurables 
at a later stage, for the vast majority of the acts of measurement involve 
incommensurables.” Wherever his arithmetic deals with practical measure- 
ments, and it should frequently do so, this idea should be constantly present 
to his mind. It would put an end to the deplorable habit of making calcu- 
lations to 10 or 12 significant figures based on measurements known only to 
2 or 3. Trigonometrical functions and logarithms are almost invariably in- 
commensurables, and the boy is constantly reminded that as soon as he passes 
from the use of formulae to actual numerical calculations, his work becomes 
approximate in character, his formulae not accurately satisfied, and his results 
true only to a degree of accuracy justified by the data and restricted by the 
number of digits given in his tables. I maintain that tkese important con- 
siderations should be dealt with in a simple manner much earlier than is 
customary. 

Now what does a boy understand by the product of two incommensurable 
numbers ? If one is greater than a but less than a’, while the other is greater 
than 6 but less than b’, he understands the product to lie between ab and a’b’, 
however small be the differences between a and a’ and between b and b’. I 
maintain that this idea is adequate for the majority of schoolboys, and that 
such treatment is analogous to the treatment of incommensurables accepted 
in a course of Geometry. 


Chapter IV. effectually disposes, I think, of the sequence bogey. I am in 
hearty agreement with the conclusion of the committee (p. 59), “ that to try 
to establish a fixed sequence is not desirable (even if success were possible), 
that the difficulties involved in the absence of a fixed sequence are far less 
serious than is often supposed, and that with care as to detail these difficulties 
may be overcome.” The strongest argument of all in support of this con- 
clusion, at any rate the argument which appeals most strongly to me, is found 
under the heading V. (2) on the grouping of theorems. 


Chapter V., which deals with some minor points very lucidly and most 
attractively, will meet, I think, with general approval. I shall refer to two 
only of its sections. 


(2) The Arrangement of a Group of Theorems. This, if I may say so, is 
excellent. Let the advocates of strings of sausages cease to affirm the absence 
of bananas, and the supposed sequence difficulties will melt away. | 

(5) The Double Aspect of a Locus. This is another section, clear, explicit 
and convincing, which I heartily commend to all mathematical teachers. I 
would like to express my unqualified appreciation of this part of the Report. 
‘* Whatever the demands of examiners, the student should be taught that the 
double proof is a logical necessity.” 

Among other minor points which might be dealt with in this chapter I 
would have liked to see some advice on the application of the case of con- 
gruence of right-angled triangles. It presents serious difficulties to the 
examiner. Unless the student clearly sets out that it is because two angles 
are right angles, and not because they are equal, that the-triangles are proved 
to be congruent, the proof is often not very satisfying. 

On the last two chapters of the Report I will make no comment. There 
are, however, two suggestions that I wish to make which cannot be adequately 
discussed on the present occasion. (a) Is it practicable, or desirable, to make 
the subject of congruence of triangles a little less prominent and the pro- 
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perties of isosceles triangles, together with the two fundamental loci, more 
so? Any knowledge of Geometry which is at the outset intuitive is associated 
consciously or unconsciously with ideas of symmetry. Does not the Isosceles 
Group give a more natural starting point and lead more rapidly to the acqui- 
sition of knowledge ? (6) Is it practicable, or desirable, that Algebra, Geo- 
metry, Trigonometry, etc., should not emerge in a school course as separate 
subjects ? Cannot they be built up as a unified whole, dovetailed into one 
another, illustrating one another, illuminating one another, — another, 
never separated into water-tight compartments ? . J. Doss. 


IV. 
By E. M. Lanatey, M.A. 


I aM in general and almost complete agreement with the recommendations 
of the Committee. Those which I consider most valuable for the improve- 
ment of teaching without any question of altering its basis are : 


(I) The stress laid throughout on the attention to be given to Solid, 
p- 22, IT. (5). 
(II) The continual tentative exploration of properties of new figures. 
(III) The Use of Trigonometrical Ratios. 
(IV) The insistence on the use of models. 
(V) The rejection of a uniform fixed sequence as desirable. 


As to Solid its difficulties are, in my mind, not due so much to the inability 
of the boy or girl to understand a diagram of a solid carefully drawn according 
to some conventional system as that so little trouble has been taken by writers 
of books to explain one or two of the easiest methods of drawing them. Worse 
still, their own figures are often bad. 

The principles of ordinary perspective (central projection) may be 
readily explained by the four-plane figure (which may conveniently be called 
“‘ Brook Taylor’s Box’”’), and may be readily learnt and applied by anyone who 
studies its properties and troubles as little as possible about technical terms, 
but there is no doubt that to use it for drawing figures accurately would take 
pupils too long when writing out demonstrations in class or examination work. 
It might, however, with great advantage to their readers, be learnt and more 
used by writers of text-books. But the boy or girl would have little difficulty 
in learning : 

(i) How to understand figures drawn according to : 

(a) Oblique Parallel Perspective or 

(6) Isometric Perspective, and 
(ii) gradually how to draw such himself with sufficient accuracy. I once had 
some very interesting and pleasant experience in the use of (a) for enabling 
some of the youngest boys in the school to understand a representation in 
plano of an octant of a sphere. I drew and cyclostyled such a diagram, 
and after showing models of geographical circles constructed with toy hoops 
hinged together, and giving class practice on a good sized globe, found little 
difficulty in getting them to read off latitudes and longitudes of points on 
the diagram chosen. In fact the idea of solidity suggested by the figure was 
so well taken in that I found afterwards the youngsters had given my dia- 
gram the name of “‘ The Dress Improver,”’ due, I suppose, to their acquaintance 
with wickerwork frames they had seen in domestic use. An inspector once, 
on my invitation, kindly gave some time to testing my efforts. We first used 
the octant the boys were accustomed to. Afterwards an adjacent octant 
was constructed gradually through question and answer. He expressed 
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himself as much pleased with the results, and admitted that he would not 
have thought them possible. 

I think that on the whole (a) is to be preferred to (4), though for some pur- 
poses (b) is specially useful and is rendered easy if Douglas and Walls’ Iso- 
metrically Ruled paper is used. It would be well for teachers to show dia- 
grams of well-known objects by both methods. 

Ordinary squared paper, especially if ruled faintly, can easily be made to 
serve for 3-dimension diagrams, OY, OZ being taken in the directions of the 
lines already ruled, while that of OX makes 135° with them. It is convenient 


to take the unit along OX as = of that along OY, OZ, as OX is then gradu- 


ated by the originally ruled lines ; at the same time this fraction differs little 
from the conventional }. The teacher himself should be acquainted with 
the methods of Descriptive Geometry and should practise his pupils in simple 
cases of rabatting figures in one plane into another which it intersects by 
rotation about their line of intersection. The Conic Sections, regarded as 
sections of a Right Circular Cone, afford a good instance of a simple case of 
this treatment, the practical construction of the Conics by points and the three 


equations y* =lx y=& following readily from the 
construction. 2a 2a 

(II) Of the Conics I think the Ellipse should come in earliest for tentative 
work, from its frequent occurrence in geography and in representations of the 
cylinder and cone. 

(III) The permission to use these resembles that, now I suppose generally 
granted, to use algebraical symbols in solving a simple equation problem set 
in an Arithmetic paper, and should be granted on much the same grounds. 
The restriction in the 3rd paragraph of p. 60, V. (1), is important. ‘“ Playing 
on the Symbols ” must not be allowed. 

(IV) In text-books photographs of models, especially of those constructed 
of strings or rods such as Fig. 1, might give sufficient information about 
a solid figure for a pupil to understand the merely geometrical one corre- 
sponding to it. 


\ 
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There seems no objection to the use of actual models by pupils when writing 
out demonstrations in the class-room, especially as many of the most useful 
can be made so as to fold up flat. Sets of such could be served out and col- 
lected. But there seem serious objections to their introduction by candidates 
into an examination room, especially if the examination is competitive. 
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(V) The history of mathematics in ancient and modern times affords 
sufficient warning against official stereotyping of educational courses. 


With regard to the adoption of the Principle of Similarity instead of the 
Parallel Postulate as our geometrical base, I have been led by converging 
routes to the conclusion that while the substitution is not likely to be generally 
approved in the immediate or even in the near future, still it should be as 
soon as possible allowed as optional and given a practical trial. But my 
experience as Secretary to the A.I.G.T. in the time when examining Boards 
had to be approached with the view of obtaining reform through modifications 
of their programmes, convinces me that little progress can be expected unless 
some members of the Committee who advocate the change prepare a text- 
book based on the Principle of Similarity. If a “Committee of Three” drew 
up such a T'ext-book, not merely an “ Introduction” or “ Syllabus,” it might be 
circulated in proof amongst members of the Association. Perhaps some 
guarantors might be found for the preliminary expenses of publication, as in 
the case of the A.I.G.T. text-book. It is of great importance that this should 
be before the teaching world as soon as possible. The knowledge that such 
a text-book was in preparation by a definite committee need not and should 
not prevent other teachers from trying experiments of their own in estab- 
lishing it and in considering the effects of its establishment on the higher 
branches of the subject. E. M. Lanewey. 


THE PRINCIPLES OF CONGRUENCE: AN IMAGINARY UNIVERSE 
IN WHICH IT PARTLY HOLDS AND PARTLY FAILS. 


By W. C. FietcHer, M.A. 


Tue Report on Geometry lays stress on two broad general principles, as in 
effect the suitable axiomatic basis of school geometry—the principles of 
congruence and similarity ; and it discusses at some length the meaning of 
the former and its relation to Euclid’s method of superposition. 

It is always difficult to realise that a proposition is an assumption and not 
a certain truth, unless one can conceive the possibility of its being untrue. 
As to similarity there is little difficulty ; an appeal to ordinary spherical 
geometry shows at once that the principle of similarity is not inherent in that 
of congruence and that a two dimensioned space does exist in which the former 
principle fails. But for congruence the corresponding contrast is not so easily 
available ; the purpose of this article is to supply it, and so perhaps make it 
easier to realise that the principle is an assumption. 

In the Gazette of March, 1923, the writer described the Imaginary Universe 
devised by Poincaré as a model for the study of hyperbolic geometry, and 
showed how by a change in the temperature law the model could be adapted 
to Riemann’s geometry. 

For the hyperbolic model the law was, 7'x k? -r?; for the elliptic, T« k? + r*. 
For our present purpose we will take 7’«1/r, and accordingly the index of 
refraction »«r. The essence of this machinery is that if 5s is an element of 
length as measured by ourselves, the external observers, its length as measured 
by the inhabitants of the universe is da =y5s. The shortest distance between 
two points and the path of a ray of, light are both given by making 


I .* or ” pds a minimum; and the path so determined is taken as the 
A A 
“ straight line.” 

External measures of length will be denoted by the ordinary notation PQ 


and Roman letters, internal measures by PQ and Greek letters. The centre 
of the universe, from which r is measured, will be denoted by O. 
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A ray of light, or a “ straight line,” necessarily lies in a natural plane 
through 0, and with the ordinary notation its form is determined by the equation 


psin du) sin (p+ dp), 


which easily reduces to pet ps? =0, 


where p is the perpendicular on the tangent from O. 

Thus pp is constant, and if «xr, rp is constant, i.e. the path is a rectangular 
hyperbola whose centre is O. Our straight line then, in this model, is a R.H. ; 
or rather one branch of a R.H. Let us see how this squares with Euclid’s 
axioms. 

1. The R.H. can be produced indefinitely both ways, unless it degenerates 
into an asymptote. 

2. If the angle AOB is less than a right angle, one and only one R.H. can be 
drawn from A to B; but if AOB exceeds a right angle the join is impossible. 

3. Since the angle of intersection of two R.H. is double the angle between 
their asymptotes, a set of R.H. with the same asymptotes are cut by any other 
transversal R.H. at a constant angle. 

We see then that within a limited sector of the plane Euclid’s straight line 
axioms are satisfied, including the axiom of parallels. 

But whereas, if AB are not collinear with O, the R.H. or “ straight line ” 
joining AB is perfectly definite throughout its length, if ABO are collinear 
the R.H. degenerates, and there is no reason why, when it arrives at O, it should 
follow the R.H. which lie to its right, rather than those which lie to its left, 
since it is asymptotic to both and belongs to both sets equally. Further, 
there is no reason why it should continue in the plane in which we have been 
working ; it may equally well go off in any direction at right angles to itself. 
Such a line cannot then be produced in a single definite fashion beyond O. 

We are driven to regard O as a singular point ; lines passing near O remain 
definite, but a line falling actually on O is p serroh le ; no line can pass straight 
through O, and if a line turning about C encounters O the turning is stopped : 
a line of indefinite length cannot be turned completely round. 

The point O has a further peculiarity : the angle between two undegenerate 
R.H. appears to us as it does to the inhabitants, but the internal measure of 
an angle AOB is double ours. This arises from the fact that the angle between 
two R.H. is double that between the asymptotes, and we shall get examples 
in the sequel. 

Now let us consider the measures of lengths. For a line OA, we have at once 


p= il, rdr= k > 
or, taking & unity, p=r*. 


A 
1. 


Next let AP, PB be two straight lines at right angles, i.e. two R.H. whose 
asymptotes OB, OA are at 7/4 (Fig. 1). 
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Along AP we have r*cos2@ =a’, and along BP, r*sin2@=b?; whence we 

easily get by integration ee 
AP =a* tan 29 =b? =OB. 

Therefore, if we draw a set of “ parallel straight lines,” i.e, a set of coasym- 
ptotic R.H., and a second set cutting them at right angles, we have a set of 
Euclidean rectangles, whose opposite sides are equal and all of whose angles 
are right angles, including the angle AOB itself, though this appears to us a 
half right angle (Fig. 2). 


Fig. 2. 


We now see that we can divide the octant of the plane into a net of rectangles 
or squares “ — in all respects,” the sides and angles are equal, and we can 
divide and subdivide indefinitely into equal squares. This clearly justifies 
us in assuming that (so long as we keep clear of O) any specified figure can be 
produced anywhere, or, as we may say, a figure can be moved about without 
change of size or shape—as observed by the inhabitants of course. 

It is unnecessary to push the investigation further except for the mere 
interest of doing so and of gaining familiarity with working in two different 
media alternately or simultaneously. 

We are entitled, for instance, to assume that a “ circle ” is the orthogonal 
trajectory of a pencil of “ straight lines”; or we can if we wish work it out 
from first principles—express the internal length of a line CP in terms of 
our own variables, and making it constant, work out the locus of P. The 
result is that the “circle” is an oval of Cassini—a closed curve if the radius is 
less than CO; an open curve (half the complete oval) if the radius is greater 
than CO; while, if the radius is CO, we get half of Bernoulli’s lemniscate, 
with a right angle at O according to the general principle that the internal 
measure of angles at O is double the external (Fig. 3). 

If further we work out the circumference of the circle, it proves to be 2zp 
as it should be, the geometry being Euclidean, whether the curve is closed or 
open. 

But now, having verified that the constitution of the universe is such that 
the principle of congruence holds in a plane, let us see what happens if we try 
to go out of the plane. We may reasonably expect trouble because of the 
strange behaviour of lines impinging on O—and we shall find it. 

The first question is, do “‘ planes ” other than the natural planes through O 
exist at all? It is easily seen that they do not. 

For the most obvious way of generating a plane is to take a straight line 
PAP’ perpendicular to OA and rotate it about OA. The surface generated 
is a rectangular hyperboloid ; has it the essential property of a “ plane ”? 
Clearly not, for a plane through O intersects it in a curve which is indeed a 
hyperbola, but not rectangular, and therefore not a “ straight line.” é‘ 
c2 
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Our universe is then so constituted that the plane as defined by Euclid 
does not exist except in the special case of planes through O. This, of course, 
illustrates the important truth that his definition involves an axiom. Also 
it destroys the principle of congruence. 


Fig, 3. 


Suppose, for instance, we take three lines of given length. In a natural 
plane through O we can put them together to form a triangle, and wherever 
we do it in the plane the same angles will result and the triangles will be 
congruent. But if with the same lengths we make a figure PQR, in such a 
position that R is not in the plane OPQ, the figure PQR cannot be plane and 
is not a true triangle; the lengths of the sides are as before, but we must 
expect the angles to be different, and this is easily found to be so. 

Or again, if we rotate AP about the normal OA, the circumference described 
by P does not bound a true circle, for the surface generated is not plane ; we 
must expect that the length of the circumference will not be 27. AP, and 
this again proves to be correct. 

For the internal measure of this circumferencee is 2r. 27. PN =4rr*sin 0; 
while AP=r* sin 20 (Fig. 4). 


oO 


Fig. 4. 


If then we take a set of material spokes centred at A and lay them down in 
the natural plane through O, their extremities indicate a true circle of cir- 
cumference 27. AP; but if we set them up at right angles to OA we get the 
larger circumference 27AP/cos 6. 
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Thus in this universe the principle of congruence holds (with certain limita- 
tions) in two dimensions, but not in three ; or if we think in terms of material 
bodies, we may say that in a natural plane through O bodies can be moved 
about without change cf size or shape, but that in three dimensions they cannot, 
i.e. that “ rigidity ” exists in the natural planes, but not out of them. 

This demonstration of the partial but imperfect ‘“ uniformity” of this 
particular universe makes all the more impressive the perfect uniformity 
found in the previous models, and suggests the enquiry whether other models 
showing uniformity, perfect or imperfect, can be found. 

The question is closely analogous to that of the mutual applicability (with- 
out stretching or wrinkling) of two surfaces, and the results are in part derivable 
from Gauss’ condition that a surface can be moved about on itself, i.e. that 
the “ curvature ” is constant. 

The results may perhaps be stated here, but the work is too long to repro- 
duce in the Gazette. 

Taking » as the index of refraction or the coefficient of contraction 
(Sx =p. 8s) the condition for free mobility in two dimensions proves to be that 


1 


must be constant, where suffixes denote differentiation with respect to r; 
and the condition for free mobility in three dimensions is that 


1 3 


must have the same constant value. 

The first of these is satisfied by =r" for all values of n, but the second 
only if n=0 or-2. The constant in these cases is zero, indicating that the 
resulting geometry is Euclidean. 

If n =0 we have of course the universe as we actually conceive it ; ifn = -2 
the straight lines and planes are circles and spheres passing through O. 

If instead of taking a coefficient of contraction p» the same in all directions 
at a given point, we take different radial and transverse coefficients y and A, the 
conditions become : 


Ae 2r, _ 


Ap? Ap per 
1 A? 2rA, 
These, for instance, are both satisfied by 


a ei 
which make C=0 and give the ‘“‘ Through the Looking-glass”’ geomet: 
described by Dr. Garnett, which is Euclidean. ed 
In the simpler case the only complete solutions are given by  =constant, 


1 

so that the only perfect models of this simple type are those in which the 
“ straight line” is our own straight line, a circle through O, a circular arc 
cutting the boundary orthogonally (Lobatscheffski) or a complete circle 
cutting the fundamental sphere at the ends of a diameter (Riemann). 

Ww. 
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THE DIFFERENTIATION OF A FUNCTION OF A 
FUNCTION. 


By Pror. H. 8S. Carstaw, So.D. 


1. If z is a function of y having a differential coefficient at a certain point, and 
y 18 a function of x having a differential coefficient at the corresponding point, 
then z is a function of x having a differential coefficient at that point, and this 
differential coefficient is given by the formula 


This theorem, though not always stated so carefully, will be found in all 
texts on the Calculus ;' but, so far as I am aware, no English writer, not even 
the most exact, offers a valid proof. 

2. The argument usually given is as follows : 


To each value of x in its interval there corresponds a value of y in its interval ; 
and to each value of y a value of z. 


Thus z may be regarded as a function of x, say : 


2=fly)=($(2)) =F (2). 


Let y+Ay=o(a+Axz) and z+Az=f(y+Ay). 
Az_ Az Ay 
Then 
When Az->0, we know that Ay—0, since $’(z) exists. 
Az Ay x) Ay 
Lt (—— Lt Lt 
dz Ay 
= Lt (x2) 
(ay), Az 
dy 
~ dy dx 
dz dz dy 
Therefore 


In this proof it has been assumed that Ay +0; and also that 


Az Az 
Lt Lt (x) 
The second assumption (cf. footnote, § 4) is easy to defend when Ay +0; but 
the first requires that there shall be a neighbourhood * of the point with which 


we are dealing (say x), in which ¢(z2) is never equal to ¢(2). 
For example, the function 


$(x)=0, when 
$(2)=a*sin +, when 


would not satisfy this condition at #=0. 


3. Rothe in the preface to his interesting Vorlesungen iiber héhere Mathe- 
matik (1921) claims that he is the first to give a satisfactory proof of the 


* A.function is said to satisfy a certain condition in the neighbourhood of a point 
2x=a, when there is a positive number / such that the condition is satisfied for 
all of x from (a—h) to (a+h), when 0< | z-a|=h, as a is usually 
excluded. 


dz dz dy 
dx dy dx 
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theorem. A reviewer of that book in The Bulletin of the American Mathe- 
matical Society, Vol. 28, p. 468, 1922, mentions the treatment of the question 
in Pierpont’s well-known Theory of Functions of Real Variables, Vol. I. (1905). 
But Dini in his Lezioni di Analisi Infinitesimale (the earliest edition (litho- 
graphed) is of 1877-78) gave a rigorous proof; also Genocchi-Peano in the 
Calcolo Differenziale (1889), and this proof is quoted by Stolz in the Grundziige 
der Differential- und Integralrechnung, Bd. I. (1893). Reference may also be 
made to Tannery, Introduction @ la Théorie des Fonctions d’une Variabile 
(1886), Cesaro, Hlementares Lehrbuch der algebraischen Analysis (1904), and 
Kowalewski, Grundziige der Differential- und Integralrechnung (1909). 

It is surprising that the traditional proof in our English texts should so long 
have remained without amendment, for it will be seen below that the modifi- 
cation required is simple. 

4. If we assume that a neighbourhood of the point with which we are dealing 
exists, in which the function $(z) never returns to its original value, the 
proof is easy, 

We are given that z=f(y), where y=¢(z). 

Also ¢’(x) and f’(y) exist for this value of x and the corresponding value of y. 

Let « +Az be a point within the neighbourhood of x in which the function 
never returns to its original value. 


Then and Ay#0. 
Also z+Az=f(y +Ay). 

Az _Az Ay 
Therefore 
But Lt (Ay)=0, since ¢’(x) exists. 

az—>0 Az 
L Lt (— )=f"(y).* 


* With the usual notation, 


when 0< | Ay| =. 


Also 0< | Ay|<7,, when 0< | Az|=np, since ¢(z) is continuous at this point, 
and we can choose 7, so that this neighbourhood of 2 is within the neighbourhood 
for which Ay +0. 


Therefore €, when 0<|Az|=n. 
Az) 
Thus =f'(y). 


This is a special case of the following theorem, which can be proved in exactly 
the same way : 


Let e=f(y), where y=$(z). 
Also Lt and Lt f(y)=c. 
And a neighbourhood of x =a exists in which ¢(x) is never equal to g(a). 
Then Lt 2= Lt f(y). 
If this proviso about the neighbourhood of «=a is not inserted, the theorem is 


obviously untrue. 
For example : 


Let and Lt fly)=c+f(0); 
y>b 
then Lt f{¢(zx)} does not exist. 
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Therefore (== () Lt 


dz dzdy 

dy dx’ 

5. In the proof given for the more general case in most of the texts named 
in § 2, two sets of points are considered separately ; the set for which Ay 
vanishes in the neighbourhood of x, and the set for which it does not vanish. 
Also $’(x) exists. Therefore if Ay is zero for an infinite number of points in 
every neighbourhood of z, it follows that 4’(~) must be zero. And it is not 


hard to prove that of is also zero. 

But a simpler proof is as follows : 

(i) Suppose Ay +0. 

Then Az=f(y + Ay) -f(y) 

={f’(y) Ay, 
where pz is a function of Ay, say ¥(Ay), such that Lt p=0. 
ay> 
(ii) If Ay =0, we still have 
Az=f(y + Ay) -f(y) 


={f(y) + Ay, 
ppm we can assign to p» the value zero, and thus make'y(Ay) continuous 
at Ay=0. 
Az_ dy 
In both cases Ag 
But Lt p= Lt p=0.* 
4z>0 Ay-> 0 
Ay Ay 
Therefore Lt Lt (u) Lt 
dz_ dz dy 
Thus 
* With the usual notation, 


\¥(Ay)| <e, when 0=|Ay|=n, since Lt y(Ay)=0 and y(0)=0. 
Also | Ay|<7,, when 0<|Ar|=7,, since Lt (Ay)=0. 
Therefore | ¥(Ay)|<e, when 0<|Az|=7,. 
Lt y(Ay)=0. 
Az->0 


This is a special case of the following theorem, which can be"proved in exactly 
the same way : 


Let z=f(y), where y=(z). 
Also Lt g(z)=b and Lt fly)=f(b). 
y>b 


Then Lt z= Lt f(y) =f(5). 
yd 


og 
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This proof is substantially the one given by Rothe. The same argument is 
followed in the case of functions of several variables: for example, if z=f(z, y), 
where x=¢(t) and y=y(t). But the conditions imposed upon the function 
f(z, y) are more complicated, as the proof now depends upon the Theorem 
of Mean Value. In the case given above, the existence of the differential 
coefficients f’(y) and ¢’(x) only was required. H. S. Carstaw. 

Sydney, June, 1923. 


GLEANINGS FAR AND NEAR. 


287. The University of Bentley and Porson had just, and only just, con- 
sented to encourage classical study by the foundation of a second Tripos. The 
mathematical test was indeed still required, but it may be questioned whether 
the educational advantages of this did not outweigh the hardship done to the 
few very exceptional persons who were capable of eminence in scholarship and 
incapable of acquiring the small amount of mathematics necessary to pass the 
Mathematical Tripos. Anyhow, no great hardship was inflicted on Macaula 
or Sidney Walker, for when they took their degrees no Classical Tripos exis 
and, moreover, as they belonged to a college which has never held the Tripos 
decision as final, but examined for itself, their fellowships were not in danger. 
At St. John’s it was otherwise, and no classical honours would suffice to gain 
a fellowship, unless they were backed up by a “ Senior Op.” at least. Meri- 
vale’s position was therefore somewhat precarious, but, like a wise man, he 
devoted his last Long Vacation to mathematics ; and having found a sensible 
coach, who saw what he could learn and what he could not, he acquired “‘ the 
elements of mechanics, hydrostatics, optics, astronomy,” taking, as he notes, 
“geometrical rather than analytical methods throughout,” and got his 
“Senior Op.” triumphantly. In the Classical Tripos he was fourth, and his 
fellowship was safe, though it was three years before he was actually elected. 
—Athenaeum, Sept. 17, 1898. [In 1829 (Dean) Merivale rowed at Henley in 
the first University boat race.} 


238. In delivering the fundamental principles of geometry, it is necessary 
to proceed by slow steps, that each proposition may be fully understood before 
another is attempted. For which purpose it is not sufficient, that when a 
question is asked in the words of the book, the scholar likewise can in the words 
of the book return the proper answer; for this may be only an act of memory, 
not of understanding : it is always proper to vary the words of the question, 
to place the proposition in different points of view, and to require of the learner 
an explanation in his own terms, informing him, however, when they are 
improper. By this method the scholar will become cautious and attentive, 
and the master will know with certainty the degree of his proficiency. Yet, 
though this rule is generally right, I cannot but recommend a precept of 
Pardie’s, that when the student cannot be made to comprehend some parti- 
cular part, it should be, for that time, Jaid aside, till new light shall arise 
from subsequent observation.—Dr. Johnson, Preface to The Preceptor, vol. ii. 
pp. 243-244. Murphy’s Edition (1820) of Johnson’s works. Also cf. Preface 
to First Edition of Chrystal’s Algebra (1900), p. ix, ““I would modify the 
advice of a great French mathematician [d’Alembert: Allez en avant et La 
Foi vous viendra] and say, ‘ Go on, but often return to strengthen your faith.’ ” 


289. “Ido hate sums. There is no greater mistake than to call arithmetic 
an exact science. There are Permutations and Aberrations discernible to 
minds entirely noble like mine; subtle variations which ordinary accountants 
fail to discover ; hidden laws of Number which it requires a mind like mine 
to perceive. For instance, if you add a sum from the bottom up, and then 
again from the top down, the result is always different.”—Mrs. La Touche. 
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NOTE ON DE VILLE’S APPROXIMATE CONSTRUCTION 
OF A REGULAR N-GON.* 


By Pror. D. M. Y. Sommervitie, M.A., D.Sc. 


De VILLe’s construction is as follows: the diameter AOB of a circle (Fig. 1) 
is divided into n equal parts, and an equilateral triangle AKB is described on 


AB as side. Through K a line is drawn to the first point of division and pro- 
duced to cut the circle in R. Then double the arc AR is approximately equal 
to one n-th of the circumference. 

As commonly used, this construction is modified by joining K to the second 
point of division Q, cutting the circle in P; then approximately the angle 
AOP =2zr/n. 

The construction is correct for n=3, 4, and 6; for n=5 the percentage 
error in the angle is ‘07 in defect ; for n>7 the error is in excess, and up to 
n=10 it is less than 1%. As m increases the percentage error increases, but 
tends to a finite limit, approx. 10°3. In fact, as 7 ->0 the chord AP tends 
towards the tangent at A, and AP: AQ=OK:QO-./3. Hence, since 
AQ =4/n, the radius being unity, the arc AP->4,/3/n instead of 27/n. 

Other modifications of this construction have been given, using a different 
length for OK. Taking the radius as unity, let OK=k. For each value of 
m there is one value of k for which the construction is exact. Consider the 
lines joining corresponding points P and Q on the circle and the diameter 


*See Math. Gaz., vol. xi. p. 352. 
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respectively such that the angle AOP =A and AQ=2A. Taking O as origin 
and OA as axis of x the equation of PQ is 


x sin Ar +(cos Aw —1+2A)y =(1 -2A) sin Az. 
The envelope of this line is a transcendental curve, symmetrical about the 


n ©» 2 7 6 5 4 


-1 


> 


Perdentage| Error 


-7 


a 
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Fig. 2. 


axis of y and having a cusp there ; it touches the circle at the point where 
\ = -0°2777,* and runs asymptotically along the z-axis as A> —1; but we are 


* The“condition for contact with the circle 2*+-y*=1 reduces 
and the equation of the line then becomes 
x cosAr—y sin Ar=1, 
The“equation (1) leads td the value of A, which is stated. 
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more interested in the part near the cusp. The line cuts the axis of 2 where 
(cos Aw + 2A -1)y =(1— 24) sin Az. 
For 4 =0, which corresponds to n->, the limiting value of y is 7 =1°5708. 
As \->}, which corresponds to n =4, the limiting value of y is 
-1)-? =1°7519. 

The extreme range of values corresponding to the range of ” from 4 to 
is thus only 0°18 of the radius. The envelope resembles a caustic curve, 
and the rays come nearly to a focus at the distance 1-752. 

For a given value of & the limiting value of the percentage error as n->« 
is 100(2k/z -1). 

If we take k=4r, the angles are all too small from »=5 onwards. The 
error increases from about 1% for n =5 to about 3% for n=12 or 13; there- 
after it diminishes and tends to zero. 

If we take k=(47 -1)-', the angles are all too large from »=5 onwards. 
The error increases from about ‘04% for n=5, is about 3% for n=15, and 
tends towards the value 11°5%. 

The percentage errors for these two values of k and for de Ville’s value 
k =,/3 are shown graphically in Fig. 2. 

D. M. Y. SoMMERVILLE. 
Victoria Univ. Coll., Wellington, N.Z., Nov. 1923. : 


240. E. K.-—-I am inviting your assistance, Mr. Hallam, to distinguish 
between the fanciful and the real. It seems to be admitted that you were 
not a heaven-born mathematician. We hear of “‘ the difficulties, almost the 
agony,” which you encountered in dealing with trigonometry, and it appears 
from a confession of your own that you “ tormented yourself with Euclid for 
five years at intervals,” without establishing any permanent footing in the 
region of geometrical reasoning. Am I to believe that your commanding 
intellect only enabled you after prolonged and desperate struggle to effect 
the passage of the ‘‘ Asses’ Bridge ”’ ? 

A H.—It may he so. I certainly had no skill in the mathematics. 

E. K.—So much, no doubt, may be securely inferred. But how to reconcile 
the lack of a faculty which is no prodigy of the human mind, and which we 
were used to whip our thickest-witted children for not possessing, with those 
extraordinary mental gifts which Mr. Gladstone recalls with awe ? 


E. K.—I begin to understand your difficulties at Cambridge. There is 
evidently one branch of the mathematics which you have failed to master. 

A. H.—The theory of equations ? 

E. H.—The calculus of probabilities. That is, if you have compared the 
number of illustrious men in the whole of history with the number of promising 
youths in a single generation, and yet do not perceive how infinitesimal is the 

~chance that one of the latter will grow into one of the former. But I wonder 
that Mr. Gladstone, who, although the alumnus of a classical University, was 
a premiated student of mathematics, should have so ill-computed the hazard 
of his predictions.— From a ‘“ Dialogue between the shades of Edward King 
and Arthur Hallam,” Literature, Jan. 15, 1898. 


241. The young mathematician should not feel too confident that he is able 
at once to dislodge an error which is strongly entrenched. Just as the poor 
Polish mathematician, H. Wronski, was unsuccessful in receiving immediately 
strong support when he directed attention to errors committed by the eminent 
J. L. Lagrange as regards expansions in Taylor’s Series, so now the sympathy 
is apt to be at first with those who have secured a wide reputation. 

‘Mathematical Errors sanctioned by Modern Usage,” G. A. Miller, School. 
Science and Mathematics, Dec. 1923, p. 854. : 


SoS 
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THE STROUD SYSTEM OF TEACHING DYNAMICS.* 
By Prorzssor James B, HenpERsoN, D.Sc. 
Wirt A Note ON THE ABOVE BY THE LATE Pror. C. Goprrey, M.V.O. 


Very few teachers ever have the chance of noting the advantage or disadvan- 
tage of a change introduced into their methods of teaching, and of ari | 
by the same. I desire now to put on record the results of such a change an 
the method by which they were attained. 

The number of systems of teaching dynamics is great, and still the results 
are deplorable as judged by the knowledge possessed by the average engineer 
some years after he leaves college. Teachers are either biassed in favour of 
the Gaussian system or the Perry system, or some other system of their own, 
and are loath to change because they can train their students to solve the 
necessary problems, and if a mistake is made by omitting g or some other 
quantity it is merely a mistake and costs nothing. It is not so with the poor 
student, however, when he is launched on the world without his teacher to 
help him. The first essential with the engineer or naval officer in his calcula- 
tions is accuracy, and the young engineer is lucky if his mistake only costs 
his firm a few shillings ; he then begins to think for himself and to realise what 
accuracy means in practice, not only numerical accuracy but a certainty that 
every factor in the problem has been considered, and given its due weight. 
The Stroud system, with which these experiments were made, is a valuable 
aid in this respect. 

This system is not new; it was devised in the eighties of last century by 
that versatile genius Professor William Stroud, of Leeds University, the best 
teacher of physics the writer has known, a most ingenious inventor, and an 
outstanding figure in the branch of physical optics. It was taught by Professor 
Stroud until his retirement about 1910. It has been partly adopted in some 
text books, but the full system in all its essentials has not yet been published 
It is not antagonistic to the Gaussian or any other logical system of teaching 
dynamics, but it embraces all such systems, and they become special cases of 
the Stroud system. Its success depends upon a number of artifices which very 
greatly help the engineer and experimental worker. 

The writer first became acquainted with the system in 1894, when he went 
as assistant to Professor Stroud in Leeds. He adopted it immediately, and 
taught it to students of engineering and physics in Leeds and later in Glasgow 
University, but he did not appreciate its full value until after he joined the 
staff of the Royal Naval College, Greenwich, in 1905, and undertook the 
instruction of the advanced classes of lieutenants, going through the “ dagger ” 
courses in ballistics and thermodynamics, who had been trained for years on 
the Gaussian system and yet could not solve practical problems in dynamics 
with ease or certainty. These officers were introduced to the Stroud system 
and appreciated its advantages immediately. So much so that the writer 
approached the instructors who had taught these officers dynamics as sub- 
lieutenants, Instructor Captain John White and Instructor Commander 
Hartley, with the result that these two enthusiastic teachers both adopted the 
system at once, and, when the new classes of students reached the writer, two 
years later, the improvement was most marked, and all the former trouble 
with units had disappeared. 

I have been thanked by many of the present naval constructors for intro- 
ducing them to the system when studying at Greenwich after years of study 
with other systems at the Dockyard Schools and Keyham College. 


* Contribution to a Joint Discussion of Sections G and L of the British Association at 
Liverpool, September 18 1923. 
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The Stroud System.—Definitions : 


(a) Ratio.—A ratio is a comparison between two quantities of thejsame 
kind or dimension, such as 2 ft. to 3 ft., and is written : 
2 tt. 
3° 
(b) Rate—A rate is a comparison between two quantities of different 
dimensions or kind, such as 2 ft. to 3 seconds, and is written : 


2 ft. 2/6d. 
3 seo. 2/6d. per pound, which may be written + 


A rate takes its name from the denominator, thus velocity is defined as the 
time rate of change of position and has the dimension as acceleration is 
defined as the time rate of change of velocity and has the dimension > 3» ete. 

sec. 

Convention 1.—A convention in the Stroud system is always to write rate 
as we write ratios, i.e. in fractions, but with the labels of the units or kind 
attached and never to separate the number from the label of the kind unless the 


kind cancels out. Write ae and not ft. per second. 
3 sec. 3 


Terminology.—Physical science generally might well be called the science 
of rates, because it deals with quantities of many different dimensions, namel 
the fundamental dimensions mass, length and time, and dimensions whic 
are combinations of these, such as 

ft. Ib. ft. Ib. ft.? 


It is common to read in text books on dynamics, in works on physics by the 
most distinguished physicists and in engineering and technical literature a 
problem in dynamics stated in part, “let m be the mass in pounds (or some 
other unit), t be the time in seconds,” and so on. Why should it be necessary 
to state the unit in which the mass, time, length, etc., is to be measured ? 
It is necessary because of the limitation imposed by the Gaussian (or other) 
system of teaching dynamics. 

The Stroud system eliminates the necessity for the specification of units 
in the statement and setting out of the general problem, and these have only 
to be considered in the numerical calculations. 

The system therefore involves another convention : 


Convention II.—Let each symbol in a problem not only represent the 
quantity numerically, but also contain the units, i.e. let it represent the quan- 
tity wholly. Thus, speak of a mass m, a time t, a velocity v, an acceleration a, 
a force F, work W, and so on; not a mass m Ib., a time ¢ seconds, a velocity 
v ft. per second, an acceleration a feet per second per second, a force F lb. weight, 
work W ft.-Lb., and so on. Note the resulting saving of space involved, 
which is of some minor importance. When one of these quantities has to be 
stated numerically, of course, the label then must be attached, but so long as 
the problem is general the label is embraced by the symbol. When a symbol 
is used to denote a dynamical quantity, then the symbol represents the quan- 
tity both in respect of units and the number of these units, that is, completely 
-without further limitation or specification. 

The science of dynamics is therefore, by Stroud’s system, accurately depicted 
on paper as the science of rates, not asa science of pure numbers, and the 
solver of a problem is at_every moment working on paper numerically and 
gnitally, Dot as in the old system, working numerically on paper and unitally 

his’ 


sec.’ “sec?” sec.’ 
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Kinematics.—The kinematic formulae are : 
v=V+at, 
v= V? +2as. 
Provided that by unit velocity we mean the velocity with which unit distance 
is traversed in unit time, and so on. 
The first is merely a statement of the definition of acceleration in the form 
of an equation. The second is a similar statement that the space is the 
average velocity multiplied by the time, and the third is derived from the 


first two by eliminating ¢. All these are true in all units provided the symbols 
contain the units, and it is unnecessary to limit the equation in any. 8 by 


specifying the units. 
E. 
10 minutes. What i is acceleration ? 
miles 
60 hr mniles 


“TO mins. hr. x min." 


This is a complete answer to the problem unless the acceleration is wanted 
in some particular unit, say ft./sec.*; then 


=6 miles =6 5280 ft. 

«= hr. xmin. 60 x 60 sec. x 60 sec. 

5280 ft. ft. 
= 36000 sec.2~ 146 
Example 2.—A train starts from rest and acquires a speed of 60 HES 5 in 
5 miles, what is the acceleration in ft./sec.? ? 

miles 
hr. y 360 miles 

miles (hr.)? 
= 360 x 5280 ft. 5280 ft. 
3600 x 3600 sec.?- 36000 sec.? 

sec 


Force.—Newton’s first law defines force. Newton’s second law gives a 
means of measuring force. The second law stated in the form of an equa- 


tion is 
f=kma, 
in which & is a numerical constant depending upon the definition of unit femme. 


Definition of Unit Force.—Unit force is defined as that force which, acting 
on unit mass, gives it unit acceleration. With this definition f=ma. The 
definition says nothing about the particular unit employed, yet the majority 
of the text books on dynamics proceed to limit this definition, and it is at this 
point where most of the misunderstanding and confusion in dynamics arises. 
The books on the Gaussian system state that the unit of mass is a pound or a 
gramme, and Professor Perry made it a slug of 32 lb. Why limit the defini- 
tion ? It is true in all units and is above units. Any mass may be used as 
a unit of mass, and any acceleration as a unit of acceleration, and since the 
one 7 by the other must, by definition, give us a unit of force, there 
must be an infinite number of these units. 


#iy? 
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Units of Force for which we have Names.—We have only names for a few of 
the infinite number of units of force : 
ft. ft 


Poundal=1 Ib. x1 —*;=1 Ib. x —,, 
sec. sec. 


Poundweight=force of gravity on 1 Ib. mass at Greenwich, and by experi- 
ment the acceleration produced by the weight if the 
mass is allowed to fall is 32 ft./sec.*, hence 


1 Poundweight=1 Ib. x32 *,. 


Nots.—To distinguish pounds weight from pounds mass, Professor Stroud 
writes the former with capital letters, hence 
1 Lb. =1 Ib. x 32 ft./sec.? 


1 Ton =1 ton wt.=1 ton x 32 ft./sec.? 


iDyne =1 gramme x1 


cm. 
1 Gramme=1 gramme wt.=1 gramme x 981 iY 
1 Kg. =] kg. wt. = 1000 grammes x 981 


1Lb. Slugx1 =32 


Example.—A train of mass 100 tons acquires a speed of 60 m.p.h. in 
10 minutes. What is the average force ? 
f=ma 
60 miles 
= 100 tons x min. 
tons x mile 


= 600 hr. x min. 


This is a complete answer to the problem, unless the answer is wanted in 
some particular unit. Suppose the answer is wanted in tons weight. Various 
methods of conversion may be employed, but it is the writer’s practice to 
multiply by the units required and divide by its dimensional equivalent, and 
then cancel all units except the one required, thus : 


tons x miles Tons 
hour x min. 


ton x32 
sec, 


600 x 5280 11 
= 60 x60 x 60x52 


It is unnecessary to develop the application of this system to all the definitions 
of dynamics, so I shall conclude by showing some of its practical advan 

It is a common experience in physical and engineering laboratories, and in 
the drawing offices and test-houses of commercial engineering firms, for a 
worker to present a result which is palpably wrong, and on having his attention 
drawn to the fact he will probably reply after reflection, that he has omitted 


of 


eri- 
the 


ud 


De 
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one of his measurements entirely, say the diameter of a wire, or he has omitted 
g, or will give some — foolish excuse. One great advantage of the Stroud 
system is that it makes such an omission impossible, because if the worker 
omits any factor having dimensions he cannot get the dimensions of his result 
correct, and has therefore to look for his omission. 

The greatest difficulty in teaching and understanding dynamics arises from 
the fact that the terminology is one of every day use, and the student starts 
his studies heavily handicap by the preconceived ideas he has absorbed 
as to the physical meaning of the terms employed, such as mass, weight, force, 
momentum, energy, and so on, and he finds great difficulty in abandoning 
these preconceived ideas and in replacing them by the scientific definitions. 

The difficulties of the young student are almost entirely due to these pre- 
conceived ideas, and it should be the effort of every teacher to make the 
student think of the scientific definition of the term whenever he writes the 
term down. Every time he writes down pounds he has to ask himself ‘“ do 
I mean pounds mass or pounds weight ?”” The Stroud system does this auto- 
matically, because it is almost impossible to write down the number and the 
unital label without thinking of the definition. 

Another advantage is that it enables the experimental worker to shorten his 
calculations by employing mixed units without reducing them all to the 
ft.-Ib.-sec. or cm.-grm.-sec. system. If he measures one factor in millimetres 
and another in feet, depending upon the measuring instrument employed, these 
are so entered in the equation. 

An example will show the impossibility of omitting an experimental factor, 
and the ease of working with mixed units. A spiral spring of 20 turns of 
helical diameter D=2 in. of wire having a diameter d=2 mm. is loaded with 
1 Lb.; calculate the spring deflection if C=12 x 10° Lb./in.? 


_8WD*N_ 8x1 Lb.x8 in.* x 20 


$= 
OC 16 mm.*x 12 
in, 
8x8x20 in. 
= 16 x 12 x 10¢ (mm.)é 
8x8x20x (25-4). 
The deflection being obtained in inches is a tee that no factor having 


dimensions has been omitted, and although nothing has been saved by employ- 
ing mixed units in this case that is not so in every example. 
There is one type of problem which the writer has found by ience 
mts very great difficulties to students employing other systems the 
troud, but which becomes very easy when using that system. It is the 
change of units in an empirical equation. The size of the unit and the number 
naturally are in inverse ratio, and the difficulties arise from that fact. Con- 
sider the empirical equation of the flow of water through a 90-deg. notch. It 
is F=0-305H*5", in which H is the head in inches above the bottom of the 
notch and F is the flow in cubic feet per minute. Convert this equation first 
of all into a scientific one in which the symbols contain their own units. It is 


ft.2 
F min. 
‘ Hea 0-305 inven’ 
If in this equation H be substituted in inches, it is evident that F is in 
ft./min., but H may be substituted in any unit, and the same result will be 
obtained provided the unit be inserted with the number in the equation. . 


_| 
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If now the value of the constant be required when H is in centimetres and 
F in cubic metres per hour, we proceed mechanically, thus 


F min. metres? 60 1 
0-305 x60 =0-0504 metres* 
(3°28)® x (2-54)°/? hour x hour x em.*/?" 


The writer has been careful so far to give only his personal experience of 
thirty years’ use of the Stroud system, confined as that has been to students 
of university standing. There may be room for difference of opinion as to 
whether such a system can be taught to school boys. The writer is of opinion 
that such a change is desirable, and would go even further and introduce the 
system of labelling, which is an important feature of the Stroud system, in 
the teaching of arithmetic. In problems in so-called proportion, many of 
which are really problems in rates, considerable mental effort is saved and 
accuracy increased if the boy and girl can write down the rate with the labels 
attached. 

Example.—If 10 men plough 100 acres in 20 days, how many days will 
6 men take to plough 60 acres ? 

_ 

10 men x 20 days 
_1 acres 
~ 2 men x days’ 


The rate of working= 


2 men x days 


or alternatively, 


In the answer time is wanted, and there is only one method of substituting 
the new data to leave time alone in the answer. 


Time=~ men x days x 60 
acre 6 men 


= 20 days. 


If the boy or girl can write down the rate correctly the rest of the problem 
becomes mechanical. 

The introduction of the system of labelling at this early stage would form 
an early introduction to one of the features of the Stroud system which con- 
tribute in large measure to its success, and would at the same time simplify 
the teaching of arithmetic. 

In conclusion, the writer hopes that he has been able to show that the Stroud 
system.is more logical than any other in that all other systems become special 
cases, and also that Professor Stroud’s artifices are valuable aids to accuracy 
in the laboratory and in the engineering workshop. 


NotTE ON THE ABOVE COMMUNICATION BY THE LATE PROFESSOR 
C. Goprrey, M.V.O. 


I believe that the Stroud system is very little used in schools. It is, in fact, 
not well known: teachers usually adopt it as soon as they hear of it. I can 
bear out Sir James Henderson’s testimony that the students at Greenwich 
find the system helpful. It helps them to get the answer right, and it con- 
stantly directs their attention to dimensions. 
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The schoolmaster may object that in this system letters are used in a sense 
unfamiliar to the boy. The latter has been instructed to regard letters as 
standing for numbers, not quantities. He must not say, “let the length be 
x”; he must specify his unit. This is true and important; but such a use 
of letters is, after all, merely a convention: the opposite convention is equally 
reasonable. The number convention is certainly the better to adopt in 
the elementary stage: for no one can form a clear first notion of multiplica- 
tion unless he grasps the fact that the multiplier must be a number and cannot 
be a quantity. 

But the elementary convention may be cast aside at the right stage if good 
reason is shown. As a matter of fact, books are very far from consistent in its 
use. In geometry, lengths are constantly distinguished by small letters 
without units; in trigonometry, we find a=1-54”—the very Stroud! In 
scholarship work no one troubles about the elementary convention at all: at 
Cambridge it is ignored. This actually has bad effects: the ordinary Cam- 
bridge mathematician does not often work out a numerical answer: he is 
rather shaky on units, especially electrical units. When he becomes a teacher 
he has to pull himself together. 

The Stroud system seems to have these two merits among others: it 
simplifies the symbolical statement by allowing one to say, “let 7' be the 
K.E. ” (instead of 7' ft.-pounds); and it brings one back forcibly to units 
when the numbers come in. é 

Many teachers will admit that the Stroud system is a good system for older 
students, but will make the a priori objection that it is unsound to confront 
the boy with two difficulties at once: the difficulty of a new subject, dynamics ; 
and the difficulty of a new convention. But if the new convention is found to 
make the new subject easier the objection must fail. The matter cannot be 
decided without trial. 

I have no doubt that many schoolmasters will make the trial. The definite 
experiment that should be made, I think, is to introduce the Stroud con- 
vention at the outset of the dynamics course. C. GopFrey. 


Obituary. 
CHARLES GODFREY, M.A. 
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MATHEMATICAL NOTES. 


703. [X. 6.] Mechanical Integration. 
In his very interesting paper printed in the Gazette in December, Mr. Buxton 


Says : 
i (1) “In the case S, internal to S it is obvious that the area swept out is 

In the majority of cases this is by no means clear, since the rod in the course 
of its motion passes over S,, as illustrated in (Fig. 1). 


A 


1. Fie, 2, 


(2) ‘‘ When S, is external to S the area ABGCDFA (Fig. 2) is described in 
both the forward and backward movements of the rod.” 

This is only true in the very exceptional case when AB and CD, the common 
tangents, are both equal to the length of the rod. The area swept out is 
indicated roughly by the dotted lines, and these curves are in general very 
complex. In the case in which S, is a square and S a straight line, the bounds 


of the area are portions of straight lines, and hypocycloids as shown in the - 


accompanying figure. 


Fie. 3. 


I think these two points might well be mentioned when a geometrical 
explanation of the theory is given. The example of the square and straight 
line might be used to illustrate the second, as it is easy to see that the area 
swept out by the rod is then the area of the square. 

e College of Technology, Manchester. 


H. V. Lowry. 
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oe 3.c.] In looking for a possible “ dissection proof” of the Extension 
os or (Euc. IT. 12, 13), I came on the following figure, which may be 


‘igure bounded by continuous lines consists of two squares, b* and c*, 
two parallelograms each equal to becos(r-A). If the left-hand and 
triangles be cut off along the dotted lines and translated so as to fill 
esponding gaps on the right and at the top of the figure, the square 
ed, thus illustrating the proposition. 

squares b? and c? be taken as rigid while the parallelograms are jointed, 
re may be regarded as derived by deformation from the familiar 
for (b +c)*=b? +2be+c*. If the deformation proceed until the paral- 
ams collapse, the figure obtained is that for one of the better known 
ection proofs ” of Pythagoras. 

the deformation be still further continued, the squares overlap and the 
lelograms must be taken as negative. Owing to these complications 
gure gives no longer a simple illustration of the cos formula save in the 
ing case of (b —c)?=b* +c*. 

is perhaps worth noting, however, that the original figure can be used 
ustrate the cos formula whether a, b, or ¢ be the subject. There are two 
in the heart of the figure each equal to a, which are left = for the sake 
earness in the figure shown. If these be joined, the > eon 
geneous in a, b, and c. 


. [I; V.i.c.] Note on p. 14 of Dedekind’s Essays on the Theory of Num- 
translated by Prof. Beman : 
e number of students who are nowadays expected to master Dedekind’s 


ry of Numbers seems to make it worth while to suggest that the reasoning | 


on p. 14, by — the facts are established that (i) there is no rational number 
whose square is = unless os (ines and (ii) ae there is no greatest in 
the “ class” of rationals whose square is less than ™ = is needlessly empirical 
and artificial. I propose to substitute 4 Sihening, depending on the well- 


known properties of in relation to 
I. If possible, let 5 


Then - for all rational values of k. 

If we k that (kj - ‘ni)is a positiveinteger less than j, the are: 
k lies between — ond (+1), Now this is always possible unless is itself 
an integer, and therefore n?.m/n =mn =(integer)*. 


| 
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Hence if © aspires to be a rational number whose square is , another rational 


with a smaller denominator can always be found having the same: privilege: f 

Thus either (i) j can, step by step, be reduced to 1, and obviously no integer 

can have ~ for its square: or (ii) the numerator will become minus, vi ' ¢ 
1s 


equally impossible. 
II. To prove that there is no greatest in the class of rational numa 

having their squares less than m (which we shall assume greater than B; if 

m<n the modifications necessary are simple). ; 


If (3)'<%, 


5 
kit+m i mj : 4 
Ban a positive rational) lies between and ni’ and 
Also (Gem) (mj? — ni*) — mn(mj* ni?) ; 
, ea is a rational greater than +, and has its square less than be ; 


vided that k*> mn. Since many values of k satisfy this condition, 
that there is no greatest rational j . QE.D. 


Pietermaritzburg. W.N. Rosrv 


706. 8. a.] Questions about a Trapezium. 

A story is current in musical circles of a teacher who trained a si 
pupil on one page of exercises for years, and, when at last he was force 
admit that the pupil’s singing of these exercises was perfect, told him thal 
others were necessary, as he was now the finest singer in the world. 
so the mathematician could put on one page a dozen figures which w 
suffice for at least a fairly extensive training. As an illustration a si 
figure is given with a series of examination questions based on it suit 
for all grades likely to be found in a public school, from the lowest boy togpe 
least ignorant member of the mathematical staff. 


ABCD is a four-sided figure divided by DP into parallelogram — 


triangle. 


suit 
B P c hese 

1. Lowest School. What other line could be drawn instead of DP to divide 

the figure into a parallelogram and a triangle ? 
A 
2. Lower School. What angles in the figure are equal to DPC, and why ? 
3. Lower Middle School. In the figure it is given that _ 
AB=3cm., DC=4'5 cm., AD=3'5 cm., BC=7°5 cm. 

Construct the figure accurately. 


4. Upper Middle School. Construct a trapezium, being given that the © 
parallel sides are 35cm. and 7°5cm., and the other sides are 3 cm. and 
4-5 cm. (no figure given). 
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[In Questions 5 to 8, the sides are given as in Question 3.] 


5. Fifths. Calculate the altitude drawn from D of A DPC, and hence 
find the area of the trapezium. 


6. Upper Fifths. Calculate the area of the trapezium whose sides have 
the values given. Find it also if the sides are given to be a, b, ¢, d. 


7. Siaths, Taking AB, BC as axes, find the equation of DC. 


8. Specialists. Taking ADPC as A of reference, find the equation in 
areal coordinates of AB. 


9. Mathematical Staff. The parallel sides of the trapezium are x and 
a+z, the other sides are b and c. Find 2 so that two equal circles drawn to 
touch AB, BP and AD, DP respectively, and to touch each other, may each 
be equal to the inscribed circle of A DPC. 

If anyone would care to try his hand at this type of question construction, 
the following figure is suggested : 

“ ABCD is a rectangle, P a point on CD; a circle is drawn on AP as 
diameter.” 

Perhaps the editor of the Gazette would make a selection of the best ques- 
tions sent to him and print them. 


Charterhouse. C. O. Tuckey. 

707. [V.7.] A Misquoted Title. 

Having occasion recently to write out a reference to the paper in which 
Pascal enunciated the theorem about a hexagon with which his name is 
associated, I rubbed my eyes on reading the title Hssais pour les Coniques. 

Is there any authority at all for the reading Hssai, with which Chasles, 
Poncelet and Cremona, to say nothing of a host of less careful writers, have 
made us familiar ? 

The two collected editions which I have already seen, La Haye, 1779, and 
Paris, 1819, give the plural, and the plural is used in the Encyk. d. Math. Wiss. 
(III 2 i, p. 33) in quotation from a collected edition dated Paris, 1858. Itis 
characteristic of Sotheran’s catalogues that this paper is singled out for 
mention in a note on the 1819 edition of Pascal’s works (List 780, p. a 3 +4 
that the title is transcribed accurately. 


708. [K’.1.] Problems on a Transversal of a Triangle. 


ABC is any triangle, a line PQ is drawn across the triangle in a given direc- 
tion, meeting the sides AC, AB in points P and Q respectively ; it is required 


‘to draw the line so that, 


(1) CP=AP +AQ. 
(2) CP=AP ~ AQ. 
(3) AP=CP + BQ. 
(4) AP=CP ~ BQ. 
(5) CP +BQ=AP +AQ. Q 
(6) CP~ BQ=AP ~ AQ. B 
(7) CP. AP=AQ. BQ. 
(8) CP: AP :: AQ: BQ. 
(9) Triangle APQ: Trapezium CPQB :: and n given numbers). 
(10) PQ=m(CP+ BQ) (m is any given number, integral or fractional). 
(11) PQ?=CP. BQ. 
(12) CP: PQ: BQ::1: m:n (I, m, n, given numbers). 
In problem (12), the direction of PQ is not given. 6: 
3 Colleton Crescent, Exeter. H. D’Otrer Drury. 
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709. [K.10¢.] Geometrical Note. 

Let w be the angle between two given intersecting straight lines OX, OY. 
C is a given ey througb which a variable line.PCQ is drawn (P lying on OX 
and Qon OY). It is required to determine the locus of the circumcentre of 
+ a "sat OPQ. [From a recent Oxford Entrance Scholarship Examination 

‘aper. 

Draw CN, OM parallel to OX, OY respectively to meet OY, OX in N, M. 
Through M, P draw MZU, PVT both perpendicular to OX ; and through 
N, Q draw NZV, QUT both perpendicular to OY. 


Oo M P x 
By similar triangles : 
PM:CM=ON:QN, or PM.QN=CM.CN=OM.ON =constant. 

But TU: PM=TV:QN =a constant ratio, cosecw:1. Therefore TU.TV 
is constant, and the locus of 7’ is a hyperbola, centre Z, having MZU, NZV 
for its asymptotes. A little consideration will show that it passes through O. 

Now the midpoint of OT is the circumcentre of the triangle OPQ. This 
point therefore describes a similar and similarly situated hyperbola of half 
the dimensions of the former. Its centre is at the circumcentre of the 
triangle OMN, and it also passes through O. R. F. Davis. 


710. [x.4.] A Rule and Compass Method of finding the Maximum and 
Minimum Values of (ax* + 2bx + c)/(a’x* + 2b’x +c’). 

Let the given expression =y; then 

x*(a’y a) + 2a(b’y b)+c’'y c=0. 
The max. and min. values of y are given when this equation has equal roots. 

.. the max. and min. values of y and corresponding values of x are given by: 

These are both (1, 1) relationships between x and y, and by means of them 
we can construct two ranges, whose points are given by values of x, which 
shall be homographic with a range, whose pao are given by values of y. 

Taking the values y=, 0, b/b’, we find the corresponding values of z are 
- bja, -b’/a’,0, and -c/b,-c’/b’,o. These three pairs of corresponding 
points completely determine the ranges. ; 
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Plotting the three ranges on the same straight line, we can find the common 
points of the two ranges given by 2, and also the corresponding points on the 
‘y” range, by ruler and compass construction alone. 

The points on the “‘ y” range will give the max. and min. values of y, and 
the common points on the “ x” ranges the corresponding values of =. 

College of Technology, Manchester. H. V. Lowry. 


711. [C1.16.5.] The Polar Circle of a Triangle is orthogonal to the Director 
Circle of an Inscribed Conic. (Gazette, vol. xii. Note 695, p. 22.) 
Three perpendicular tangent planes of a central quadric 
intersect on the sphere z*+y?+z*=a+b+c. When c diminishes to zero, 
planes which touch the quadric become ultimately planes which touch a conic 
v/a+y?/b=1 
in the plane z=0. If then the sides of a triangle ABC touch the conic, and 
three perpendicular planes KBC, KCA, KAB through them meet in K, K 
must lie on the sphere 


which has the director circle of the conic for a diametral section. 
What is K? If AHL, BHM, CHN are the perpendiculars of ABC, HK is 
normal to its plane, and 
HK*=AH.HL=BH.HM=CH.HN. 
Thus the power of H, the orthocentre of ABC, with respect to the director 


circle is HK? or 
HA.HL=HB.HM=HC.HN, 
i.e. the square of the radius of the polar circle of ABC. Q.E.D. 
Most probably this is not new, but it does not seem to be well known. 
Whether it may be considered a “‘ simple” proof, I cannot say, but it is a 


straightforward deduction from an elementary property in space. 
H. W. 


712. [D. 6. b.] Information is sought as to whether Demoivre’s Theorem has 
ever been extended so as to involve three dimensions, 4.e.-in such a way that 
the geometrical interpretation would apply to a directed line in —s 


Gillingham. . W. K. 
713, [R. 2. c.] Note on the Geometrical Properties of a System of Four 
Particles. 


Suppose that we have particles of masses m,, m,, ms, m4, respectively 
situated at the points (z,, y,, 2,), (r=1, 2, 3, 4), and let the axes of coordinates 


be so determined that the origin is the centre of gravity of the system of 
particles, and that the axes are the principal axes of inertia. Then we have 


+ + Moly + 
+ + + =O, 
+ + + =O, 
MyY 121 + + + =O, 
ML + + + = 0. 
Further, we will write 
P= + + + 
Q= + maya? + + Mays”, 
R= + + + Mz? 
so that the principal moments of inertia are Q+ R, R+ P, P+Q. 
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In the first place we find that the four particles are situated at the apices 
of a tetrahedron that is self-conjugate with respect to the imaginary ellipsoid 


+1 / Sm, =0. 
Secondly, if c,, denote the edge joining the masses m, and m,, we find that 
Thirdly, if A, be the area of the face opposite m,, we obtain 
Sm, 
Finally, if 7’ be the volume of the tetrahedron, we have 
Sm,PQR =36m,m,m,m,T". 


Thus it will be seen that P, Q, R are the roots of a cubic equation, whose co- - 
efficients are all expressible in terms of the six edges of the tetrahedron. The 
same will be true of the three principal moments of inertia. J. BRILL. 


714. [A.3.k.] The Resolution of Quartics. 

Probably the majority of mathematicians have, at some time, met the so- 
called “ ladder ” problem in one form or another, such as : 

“ A ladder, a feet long, rests against the top of a wall. 

‘** } feet from the ground, it is c feet from the wall. 

** Required the height of the wall, correct to two decimal places.” 

Those who have tackled the problem Algebraically will have found that the 
final equation obtained is a Quartic. 

Quartics arise in other apparently simple problems, but their solution is 
generally a long and tedious process, so much so that they are often considered 
as lying outside the scope of elementary mathematics. 

The writer of the present article has developed a practical method of ap- 
proximating the roots to any required degree of accuracy, with facility and 
speed. The method is similar to that devised by the author for the resolution 
of Quintics by Algebraic approximation. 

Let (a? + +[(B + e)/2 ebx + [(B + e)/2 + 

Ba? +Cxr+D=0. 

Whence the resolvent Cubic has the usual form : 

e? + 2Be? + (B* -4D)e -C? =0. 

Instead of resolving this equation in the ordinary way, the resolution may 
be more expeditiously effected as follows : 

C? + + -4D)e =[(e + B)* -4D]e. 

Therefore c?/{(e+B)* -4D} =e, and expanding this we have 

=C?/(B®+4D) ; ey =CO*/{(e, -4D} 
=C*/{(e, + -4D} ; =C*/{(e3+ B)? -4D}; etc. 

This process may be continued until the results become constant to any 
number of significant figures, the successive values of e forming a series which 
rapidly converges. _ 

This may be illustrated as follows : 

Taking the “ladder” problem, let the length of the ladder be 40 feet, and 
let it be 6 feet from the wall where 6 feet from the ground. If the height of 
the wall =x+6 and x+3=2,, we obtain 

x,* — 15822, + 98162, 13995 =0 ; 
= 37°66, . e, =39°47, e;=39°56, e, =39°56. 
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Therefore e approximates 39°56, and the first equation in the paper becomes 
(x,? + 6°29x, — 1551°5)(a,? 6292, + 9°06) =0. 
Whence the roots are 
— 42°65, +3637, +4056, +2°234. 


It was assumed that «=z, -3 for the purpose of eliminating the second 
term of the Quartic. 
Therefore the roots of the original Quartic are 


-—45°65, +33°37, +1056, --766. 
the height of the wall is 33-37 + 6 =39°37 or 1056+ 6 =7:056 feet. 
H. Canspate, .A.C.W.A. 


715. [V.8.] Note on “ Gleanings,” 57 (Gazette, vol. x. p. 133). 


The “obsolete English course” is an excellent course by Benjamin 
Martin, the “old Ben Martin” alluded to in an extract from De Morgan’s 
Arithmetical® Books as “‘ having written on every mathematical subject 
(and never otherwise than well, I believe, except on biography).” I picked 
up his two volumes at different times, and have found useful matter in the 
second. 

How he came to insert the comical poem (by Charles Wildbore) as a recom- 
mendation I cannot think. His wine was too good to need such a bush. 
The poem runs to 102 lines. Some of these I can make nothing of. I think 
the best is that in which he puts among the advantages of the Greeks the 
fact that 

* No foreign tongue perplex’d their happy youth.” 
I think the poet must have been the Wildbore who figures as a contributor 
to the Mathematical Repository, or the Miscellanea Mathematica, or some such 
work, and who had a controversy about a fluid issuing from an orifice in the 
bottom of a falling bucket. 

As to Herodotus’ account of the need for survey after the Nile inyndations, 
I do not see anything absurd in it. 

Benjamin Martin would be a good subject for an article by some one who 
has access to his many works. Ht must have helped many learners. I can 
imagine his “ Institutes,” as he called my two volumes, being 4 helpful to 
a student of his day. E. M. Lanatey. 


716. [K'. 2. c.] A Simple Property of the Triangle. 

In a triangle ABC, D is the foot of the perpendicular from 4 to BC, 
E is the mid point of AH where H is the orthocentre, and @ is the point of 
intersection of the medians. The lines DG, HG are drawn and produced 
through G to meet the circumcircle in P, Q respectively ; 
then PQ is perpendicular to BC. 

The nine-point circle and the circumcircle are similar 
and similarly situated with respect to G with ratio -1: 2. 
Hence, since D, E are on the nine-point circle, 

GD: PG=GE: QG=1:2. 

Therefore PQ is parallel to DE and perpendicular to B\|/ 

BC 


Now that the methods of proportion are receiving more 
generous treatment in courses of elementary geometry, it is to be regretted 
that the fairly simple proof of the existence and of the immediate properties 
of the nine-point circle, depending on similar figures with H as centre and 
ratio 1:2 is not given in the text books. The proof is interesting, and when 
once obtained presents little difficulty to the memory. H. G. GREeEn. 
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a Conics. By D. M. Y. Sommervitte. Pp.310. 15s. 1924. 


This is a pleasant and straightforward text-book, covering much the usual 
ground. The property PM*=kAM.MA’ is taken as defining a conic, the 
parabola being treated after the central conics. The foci are introduced ab- 
ruptly as “two remarkable points”: why this should be described in the 
preface as ‘a little piece of research,” it is hard to say. 

There is an excellent free use of different kinds of coordinates, homogeneous, 
tangential, parametric, which helps in dealing with infinity. The treatment 
of correspondence is perhaps not as interesting as it might be; there is no 
hint of any connection between homography and transformations of higher 
degree, though inversion and the isogonal relation are both mentioned earlier. 
A chapter on point sets on a conic is well done, and is a good choice of topic, 
both as a development of the methods of the book, and also as an introduction 
to more advanced work. 

The stray historical references show an amazing lack of proportion. Salmon 
is named once, as having done some work on Pascal’s theorem. Thomson’s 
rediscovery of inversion is mentioned, but not the independent work of half- ° 
a-dozen previous writers, of whom the earliest is probably Dandelin in 1822. 

The get-up and the figures are good ; the examples, largely from — and 
College examinations, are plentiful and varied. ee ae 


Introduction & la Théorie de la Relativité: Calcul Différentiel Absolu 
= By H. Gatsrun. Pp. x, 460. ‘60 frs. 1923. (Gauthier- 
illars. 


The mathematician who proposes seriously to study the theory of relativity 
has certain preliminary difficulties. The technical language, the calculus of 
tensors, though not difficult, has not hitherto formed part of everyone’s 
training. Most learners of applied mathematics find formal deductions, 
whatever their technical complications, simplicity itself compared with dis- 
cussions on the meaning of mass, and having escaped as soon as possible 
from arguments about fundamentals, retain but a hazy idea of the assumptions 
implicit in classical mechanics unless a turn for philosophy or the endeavour 
to teach others brings them back to a mature consideration of the subject. 
The FitzGerald contraction and MinkowsRi’s epigrammatic description of a 
confusion of time with space have been ‘ explained’ by such a multitude of 
popular writers, with so fantastic an apparatus of galloping clocks and slidin 
scales, that clarity demands the reversion to a description in the plainest o 
mathematical prose of the phenomena which really present themselves for 
explanation. 

. Galbrun’s object is to remove such difficulties as these. His book is 
not a treatise on relativity, but an account, surprisingly organic, of those 
elements of pure and applied mathematics which the ordinary mathematician 
must add to his equipment if he is to read rapidly and profitably the writings 
of the men who, in a phrase that presumably has no meaning, are maki 
history to-day in philosophy as ied in science. The book suffers from a 
profusion of trivial misprints, and has neither a bibliography nor a reference 
to a bibliography ; silines a subject-index would have been of little value, 
but we wish that the author had expanded the table of contents, as we have 
had to do for ourselves, from a meagre list of chapter-headings to include the 
section-headings which are italicised in the text. Apart from these details 
of production, we have nothing but praise for the work. 

he subjects of the first eight chapters are: (1) covariant and eontra- 
variant tensors; (2) differentiation of tensors; (3) tensors of the first two 
orders ; (4) applications to curvilinear coordinates, to stress and strain in a 
continuous medium, and to elastic and electric equilibrium ; (5) n-dimensional 
Euclidean space; (6) Riemannian space and geodesics; (7) second-order 
properties ; Levi-Civita’s theory of parallelism and curvature in Riemannian 
space ; (8) Weyl’s geometry. : 


i 


REVIEWS. 115 


Except for a few pages in the fourth and sixth chapters, this is pure mathe- 
matics. The author’s skill is illustrated in his use of a Euclidean space as 
a container of a non-Euclidean. It is idle to deny that our conception of the 
geometry of the sphere is primarily three-dimensional ; on the other hand, 
the idea of a universe is inconsistent with any suggestion that its owes | 
belongs to it as part of a larger whole. In the introduction of a concept suc 
as curvature, the best is made of both worlds if we first define the concept 
for a manifold sunk in a Euclidean , and then show that the definition 
can be rearranged to involve no reference except to the geometry of the 
manifold itself. To follow this roundabout course in every case is tedious 
and uneducative ; to take it on a few important occasions is helpful, and 
M. Galbrun is very judicious. 

The ninth chapter contains a statement of the fundamental assumptions of 
classical mechanics, and an account of the changes made in the mathematical 
form of these assumptions and in Maxwell’s equations by a steady motion 
of the frame of reference; the analysis is illustrated by discussions (i) of 
Foucault’s pendulum and of a particle falling freely, (ii) of the propagation 
of plane light-waves, with reference to the theories of Hertz and Lorentz, 
and to the difficulty of reconciling Fizeau’s experimental results with the 
former and Michelson’s with the latter. 

Chapter ten, concerned for the most part with the principles of the special 
theory, forms about one-fifth of the book. A four-dimensional space is 
constructed from a single Galilean space and the time of an observer at rest 
therein. In this construction, the variables are kept real, and the qualitative 
distinction between the two categories of vectors, far from being obliterated 
by a mathematical transformation, is emphasised. A careful account is 
given of the relation between uniform motion, as understood by the observer, 
and a line in the fourfold. But, as the author goes on to say, if it was only 
a question of such correlations as this, the procedure would be precisely on 
a level with that of the physicist who represents the pressure and volume 
of a gas in a plane diagram. The distinction is in the next step: whereas the 
physicist’s diagram has no meaning except in relation to the particular pair 
of axes from which it is constructed, the essence of the theory of relativity 
is that a single fourfold, by its relations to different coordinate systems, 
satisfies the needs of different observers. This fundamental property of the 
eventful fourfold is established for the special theory ; the Lorentz trans- 
formation is found as a transformation of coordinates, but the author, like 
Minkowski, usually prefers bifurcation of one vector along and across another 
to resolution into four Cartesian components; since only real variables are 
used, there is no mention of imaginary rotation. Discussions of the addition 
of velocities and of the apparent contraction of a body moving uniformly 
follow naturally. Then come the equations of mechanics, Maxwell’s equations 
for free space and for dielectrics, and the theory of a plane wave, leading to 
explanations of the Déppler effect, of Fizeau’s formula, and of aberration, 
in which Fizeau’s results no longer contradict Michelson’s. After some para- 
graphs on Lorentz’s electron theory and on the electromagnetic field, the 
chapter ends with an account of Einstein’s equations of the electromagnetic 
field in the unrestricted theory. 

The last chapter is an analysis of the memoir in which Minkowski discussed 
the electrodynamics of moving bodies, and compares Minkowski’s equations 
with those of Hertz in the classical theory. In a concluding note are some 
acute remarks on the kinematics of relativity, in which stress is laid on the 
complications that arise in any aaah to recognise in the eventful fourfold 
the phenomena that present themselves in individual Galilean spaces as 
accelerations. 

It will be seen that the arrangement of the work is admirable for the pure 
mathematician ; the reader is thoroughly at home with the writer and has 
learned to appreciate his handling of mathematical questions before cosmic 
problems are approached. The notation is explicit: M. Galbrun argues that 
if signs of summation are suppressed the work which the printer is spared is 
imposed on the average reader, who must restore them mentally if not literally. 
We venture to point out a suppression even more serious to which M. Galbrun 
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lends countenance: to denote the quadratic function to which a bilinear 
function F (p,q) of two vectors p, q reduces when q coincides with p by 
F(p, p) instead of by.F(p) would often render the structure of a formula 
apparent at a glance. 

An English reader, with Prof. Eddington’s books in the background, cannot 
regret the omission of all analysis relating to laws of gravitation. This 
deliberate omission emphasises the author’s purpose: the explanations of 
the advance of perihelion and of the bending of light depend on straightforward 
calculations in which the mathematician can find no difficulty; when 
Einstein and Weyl, Eddington and de Sitter, discuss the speculations with 
which their names are associated, M. Galbrun joins us as a listener, content 
if he has helped us to understand what is being said. His book is not designed 
to be a treatise on relativity ; it is only by far the best introduction to the 
subject for the pure mathematician that has come the way of one voracious 
reader. E. H. N. 


An Introduction to Projective Geometry. By R. M. Wincer. Pp. 
xiv +444. 12s. 6d. 1923. (D.C. Heath & Co.) 


Duality, ... projective coordinates, ... binary forms, . . . analytic treatment 
of the conic (i) as a rational curve, (ii) as a ternary form, collineations in the 
lane, cubic involutions and the rational cubic curve, non-Euclidean geometry. 
e programme is the most fascinating of its kimd since Dr. Scott's Modern 
Analytical Geometry (to which, unaccountably, no allusion is made), but the 
author, unlike his predecessor, is unequal to the task. 

It is not of the first importance that when he ventures away from geometry, 
= or analytical, Dr. Winger immediately lays himself open to criticism ; 

e defines inconsistency, uses Gregory’s series to prove that arc tan? is infinite 
—of course without the reference to Abel’s theorem which, oddly enough, 
would make the proof valid, though preposterous,—and writes as if a one- 
one relation was necessarily homogeneous. Nor do we protest against the 
postulation of imaginary points, meaningless though this is in the form in 
which it is presented here ; the problem of complex points cannot be solved 
in a sentence, and isnot Dr. Winger’sconcern. But there are serious objections 
to parts of the work on geometry proper. é 

The attempt is made to introduce points at infinity by postulation before 
mention either of homogeneous coordinfites or of geometrical projection. The 
result is chaotic, and much that is said is literally meaningless unless read 
in the light of knowledge subsequently imparted. For example, we are told 
on p. 51 that in a sense there is no difference between the parabola y? =4axr 
and the rectangular hyperbola 4axzy=1; ‘‘ the great difference in the figures 
depends on the isolation of different lines to be the line at infinity.” What- 
ever meaning this may acquire later, in the context it is sheer nonsense. The 
line at infinity is as yet known only as the aggregate of the points at infinity 

stulated on the various lines of the plane. How can a definite accessible 

ine be ‘ isolated’ to ‘be’ this aggregate ? 

In the preface we read: ‘‘ Quadratic involution is developed from the pro- 
jective standpoint, thus avoiding the metrical methods which are such a 
conspicuous flaw of most of the English texts.”” A careful retracing of steps 
fails to substantiate this attractive claim. The involution is defined (p. 159) 
as a symmetrical collineation, and a collineation is defined geometricall 
(p. 154) as the result of two eggs meee yon But “‘ the properties of a col- 
lineation are most conveniently studied by means of the analytic expression 
which defines it” (p. 155), and on following - the references we find that 
the collineation is determined by a bilinear relation between projective co- 
ordinates (p. 81), and that “if 79, 7,, 7,, are the Cartesian metric coordinates 
of three fixed... base points on a line and x that of a variable point we 
define the projective coordinate of the point x to be the double ratio 
(xr, |7ror..)” (p. 78). And, as if to put the matter beyond all doubt, the proof 
that cross ratio is unaltered by projection (p. 65) is conducted by means of 
a Cartesian frame ! 

Nor is the theory of the conic on a projective basis. The proof (p. 60) 
that any proper conic is a projection of the circle is that ‘‘ a circular cone is 
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merely potion of a circle”: this assumes the Greek definition of the 
conic. e proof that the locus of intersection of corresponding lines of two 
projective pencils is a conic is that, with homogeneous coordinates x,, 72, X3 
(defined as linear combinations of Cartesian coordinates), the locus is of the 
second degree. The analytic treatment depends (i) on the parametric repre- 
sentation (r=1, 2, 3), (ii) on the equation 
2Ayt,X,=0, (r, 8=1, 2, 3), and so again is dependent ultimately on ordinary 
Cartesian geometry. 

It is very difficult to discover to what the treatment of non-Euclidean 
geometry amounts. We are told explicitly that on a line coordinate is the 
undefined concept and distance is defined-in terms of coordinate. Have we 
then three species of line, or three modes of measurement all applicable to 
any one-dimensional class ? And what bearing has our answer to this question 
on the discrimination between different types of plane geometry ? The im- 
pression is left that the definitions are almost arbitrary, and that only lack 
of ingenuity has prevented the discovery of a geometry with an absolute that 
is not a conic at all. It is only fair to add that Dr. Winger gives a list of 
books on the subject any one of which would remove this unfortunate im- 
pression from his readers’ minds, but he might at least have said plainly 
that the nature of the line and the definition of distance are determined ulti- 
mately by the fundamental assumptions as to the mutual relations between 
lines,—by the necessity, so to speak, of fitting together the different parts 
of the puzzle. ; 

In spite of defects, the book has admirable qualities, and a teacher with 
some reliance on his own judgment could well use it as a text-book on analy- 
tical geometry in the Euclidean plane for students to whom trilinear coordi- 
nates were already familiar. Examples are numerous and varied ; the figures, 
with one exception, are excellent ; the exposition of the elements of the 
theory of quantics is clear, and the applications are good ; the work on the 
cubic is a welcome addition to the ordinary course. The reader cannot fail 
to appreciate that analytical geometry is a living subject that makes its own 
problems, not a machine whose sole function is to solve, laboriously but 
infallibly, problems that arise elsewhere. : 

protest must be made against the incessant breaking of formulae and 
equations between two lines. We find, for example, a:b:c=2:-—1:|-1 (p. 3), 
4x + 5y|+2=0(p. 16), xcosa+y|sina =p (p. 27), and ux +vy +| 1 =0 (p. 29). 
Such disfigurements can always avoided, if not by making trivial verbal 
changes, then by giving the formula or equation a line to itself. It is human 
intelligence, not a special providence, that is on guard in Trumpington Street 
and on the Quai des Grands-Augustins. E. H..N 


Modern Electrical Theory. Supplementary Chapters. Chapter 
XVII. : The Structure of the Atom. By N. R. Camppert. Pp. x+161. 
1923. 10s.net. (Cambridge University Press.) 


Atomes et Electrons. By H. A. Lorentz, E. Ruruerrorp, M. vE 
Broetie, R. A. H. KAMERLINGH ONNEs, P. Wess, L. BRILLOUIN, 
W. H. Brace, W. J. pE Haas, N. Bonr and P. ExREnrFest. Pp. vii+271+i. 
n.p. 1923. (Gauthier-Villars.) 

The title The Structure of the Atom appears at first sight to be a contra- 
diction in terms, as the word atom by its derivation should mean that which 
is indivisible. However, it is now used for the smallest portion of matter that 
occurs in chemical transformations, so that an atom is indivisible by ordinary 
chemical processes. But certain atoms, such as those of radium, break up 
spontaneously, and others can be compelled to do so under the influence of 
powerful electrical discharges or rays emitted by radium. 

The conclusion reached as the result of a long series of experiments is that 
every atom is something like a solar system on a minute scale, with a nucleus 
corresponding to the sun and planetary electrons corresponding to the planets. 
Every electron, from whatever element it is derived, is an exactly similar 
negative charge of electricity, which we may denote by -e, with a definite 
mass at low speeds. (We say at low speeds, for the mass increases with the 
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according to the well-known relativity law.) On the other hand, the 
nuclei of different elements are not the same. The hydrogen nucleus is a 
positive charge e, equal and opposite to that on the electron, but with a mass 
about 1835 times as great. A hydrogen nucleus is often called a proton. All 
other atoms are built up out of protons and electrons. The helium atom (of 
atomic weight 4) has normally two planetary electrons. It is possible for one 
of these electrons to be driven off, in which case the helium is said to be ionised. 
The nucleus is composed of four protons and two electrons, whose total mass 
is therefore very nearly four times that of a proton, and whose resultant charge 
is positive, of magnitude 2e, making the whole atom electrically neutral in its 
normal state. Although the helium nucleus is coraposite, it forms an extremely 
stable combination, which we shall meet with again under the name of an 
a-particle or a-ray. The next heavier atom, that of lithium (atomic weight 
6°94), has normally three geen electrons, but its nucleus can have either 
of two different forms. It may consist of six protons and three electrons, 
giving an atomic weight of six, or of seven protons and four electrons, giving 
an atomic weight of seven. In each case the resultant charge on the nucleus 
is the same, namely 3e. These two forms of lithium have exactly the same 
chemical properties, in spite of their different atomic weights. fact the 
chemical properties of any element seem to depend only upon the resultant 
charge on the nucleus, which is always of the form Ze, where Z is a positive 
integer, the atomic number. Two elements with the same atomic number 
but different atomic weights are called isotopes. Chlorine, of atomic weight 
35°456, consists of a mixture of two elements of atomic weights 35 and 37, 
but with the same atomic number 17. It has not been found necessary to 
give these elements different names, as their chemical properties are identical. 
In general, any element whose atomic weight (on the scale that takes oxygen 
as exactly 16) differs appreciably from an integer, is really a mixture of two 
or more isotopes. It is rather remarkable that this mixture should be in such 
very constant proportions, a fact that induces the analytical chemist to hold 
fast to his non-integral atomic weights,in spite of the physicist’s view that 
the atomic numbers are really more fundamental. The atomic number is 
nearly the same as the number giving the order of the element in the well- 
known periodic classification. Bohr has recently attempted to formulate hypo- 
theses concerning the distribution of the planetary electrons, which will explain 
all the physical and chemical properties of every element known and of some 
as yet unknown ! 

The phenomena of radioactivity can be explained in terms of the emission 
of a-particles (helium nuclei) and of 8-particles. 8-particles are electrons 
from the nucleus. When an a-particle is ejected, the atomic weight is de- 
creased by four, since the particle contains four protons, and the atomic 
number is decreased by two, since the particle has a resultant charge 2e. 
When a £-particle is ejected, the atomic weight is practically unaltered, since 
the mass of an electron is negligible, while the atomic number is increased 
by one, since the electron has a negative charge -e. The disturbance caused 
by the emission of either of these particles sets up a form of radiation known 
as y-rays. These have an extremely minute wave-length, but are otherwise 
similar to X-rays, light, or Hertzian waves, all of which are of the same general 
nature and differ only in wave-length. 

Radium, with an atomic weight 226 and an atomic number 88, first loses 


one a-particle, and becomes 7 tion, of atomic weight 222. By’ 


losing two more a-particles it becomes in turn radium A (atomic weight 218), 
and radium B (atomic weight 214), and then by losing a 8-particle it becomes 
radium C (atomic weight 214). After other transformations it finally becomes 
something which has all the properties of ordinary lead, except that its atomic 
weight is 206 instead of the usual 207°2. If we start with thorium, another 
radioactive element, we get ultimately another substance like lead, called 
thorium lead (atomic weight 208). Similarly from actinium we get actinium 
lead (atomic weight 206). All these have an atomic number 82. Of course, 
this is another case of isotopes. Thus the speculations of the alchemists con- 
cerning the transmutation of elements were not wholly baseless, but instead 
of lead turning to gold, we have the much more precious radium turning to lead: 
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When a strong electric discharge is passed through a glass tube containing 
a gas in @ very attenuated state, the atoms of the gas are broken up into 
electrons and nuclei. Owing to the difference in sign of the electrical charges 
carried, a stream of electrons proceeds to one end of the tube, and a stream 
of nuclei to the other. These streams can be led into other exhausted vessels, 
and deflected by means of electric or magnetic fields. By measuring these 
deflections the ratio of the charge to the mass can be calculated. It was by 
such means that all electrons were found to be similar, while the nuclei were 
found to be dissimilar and were separated into isotopes whenever the atomic 
weight was non-integral. This gives a new and very delicate method of 
analysis, called by Thomson positive ray analysis, and afterwards much de- 
veloped by Aston. Another new method of analysis is to place a small quantity 
of a substance inside a tube in a position where it will be struck by a stream 
of electrons. The impact causes the emission of characteristic X-rays, whose 
frequency depends upon the composition of the substance struck. This fre- 
quency can be measured by reflecting the rays from a crystal on to a photo- 
graphic plate. It was in this way that Moseley established the conception of 
atomic number. 

Rutherford subjected various elements to a bombardment of a-rays emitted 
from radium. After impact, these rays were deflected through various angles. 
A few were turned through as much as 150°, and it was this abnormal de- 
flection which led him to recognise the existence of a highly concentrated 
nucleus. Those few rays which chanced to go very close indeed to such a 
nucleus were subjected to a very powerful electrical repulsion, whose magnitude 
was the product of the charges divided by the square of the distance between 
them. By measuring this deflection the charges were calculated. When 
nitrogen was bombarded in this manner, a-rays were obtained after impact, 
which had a greater velocity than before. It was concluded that these were 
really parts of the nitrogen nuclei which had been shattered by the impact. 
Rutherford had thus produced artificially for nitrogen (and subsequently for 
other elements) the disintegration that takes place spontaneously for radium. 

Dr. Campbell’s The Structure of the Atom contains a great deal of valuable 
material. It isnot suitable for beginners, as considerable previous knowledge 
is assumed, and the arrangement is rather unsystematic. However, those who 
have read some elementary book such as J. W. N. Sullivan’s excellent Atoms 
and Electrons (just published by Hodder and Stoughton at the modest price of 
half-a-crown) will be in a position to profit by Dr. Campbell’s work. It is to 
be hoped that the footnote on p. 35 will be deleted from future editions. 


The volume entitled Atomes et Electrons is the record of an international 
congress held at Brussels in 1921, under the auspices of the Solvay Institute. 


It contains important papers (all in French) from several of the leaders in | 


atomic investigations. Rutherford’s paper is very clear and easy to under- 
stand, but some of the others require deep knowledge of the subject. The 
advanced student will find the discussions which follow the papers particularly 
instructive, as they focus attention upon the points which call for further 
research. H. T. H. Prageeio. 


Fundamental Topics in the Differential and Integral Calculus. 
By GrorGE RuTLEDGE. Pp. viii+252. $2°20. 1923. (Ginn & Co.) 

This is not a systematic text-book on the Calculus, but rather a series of 
discussions on its fundamental principles, happy for the most part, but at 
times somewhat involved and difficult for a beginner to grasp entirely. Its 
chief value consists in the excellent collection of examples, from geometry, 
mechanics and physics, typical examples being worked out in a way simple 
to follow. But the theoretical results are somewhat difficult to find in con- 
sequence of the want of system, though the useful index at the end would 
perhaps overcome some of this difficulty. 

The author distinguishes carefully between a differential and an actual 
increment of a function of a variable zx, and points out that their limiting ratio 
is unity, the differential depending on the first power (42) of the increment 
of x, while the actual increment of the function depends in general on higher 
powers also. 
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He defines an integral as the limit of a sum of differentials, somewhat labori- 
ously deducing its value as an anti-differential. We should not all agree with 
this method. 

His introduction to the logarithmic and exponential functions is very 
laboured, and, though interesting, would not be very intelligble to most be- 


ginners: it takes 5 pages to prove that | «—!dx=log, 2, and requires an inter- 


mediate discussion of the exponential function. 

There is a useful chapter on differential equations, but as the author warns 
the reader it is only an introduction to some important types, and not a 
systematic course. A similar warning is applicable to the whole of the book : 
it is meant for a first year’s course for technical students, to familiarise them 
with the ideas of the Calculus, and to give them very thorough practice in 
the — of those ideas in dealing with the kind of problems they may hrs 
to tackle. 


Algebras and their Arithmetics. By Pror. L. E. Dickson. Pp. xii+ 
241. $2°25. 1923. (University of Chicago Press.) 

The existence of systems of algebra different from the ordinary one has 
been recognised since Hamilton formulated his theory of quaternions. 
Hamilton, mindful of a bearing on Applied Mathematics, found it useful to 
consider expressions of the type : 

and the product qq’ obtained from the laws 

whence gq’ and q’q are not in general identical. The existence of the non- 
commutative property between two permutations, two rotations and else- 
where has led the pure mathematician to consider what sets of postulates are 
sufficient to define a system of algebra. The restrictions imposed on such a 
set of postulates are that they must be consistent among themselves and lead 
to no inconsistencies among the properties of the entities with which they deal. 
In a linear algebra of the most general type the operation defined as addition is 
commutative, associative and distributive. A second operation, defined as 
multiplication, is distributive with respect to addition, but neither commu- 
tative nor associative, 7.e. the laws 

AB=BA, AB.C=A.BC 
are not, in general, satisfied. In a finite linear algebra the most general 
member is + +... 


with n finite, in which a, a, ... an obey the laws of ordinary algebra and 
the units a,, a, are multiplied by the law 


Ay Dy + +Y rab 
the algebra is then completely defined by a knowledge of the n* constants 
When Gy . = Ord, Ge, 


whatever the values of r, 8, t, the algebra is associative, and identical relations 
connect the 

Prof. Dickson’s book first builds up the theory of a general linear algebra, 
and distinguishes the various types to which many technical terms have been 
assigned. Anyone familiar with elementary algebra possesses all the equip- 
ment necessary te read it: and those interested in the logical development 
of mathematics will find a clear exposition of a substantially new theory. 
The later chapters of the book deal with the extension of the theory of numbers 
to rational linear algebras. It is only lately that this theory has been sys- 
tematically developed, much of the pioneering work being actually due to 
Prof. Dickson. One of the main difficulties lay in formulating the correct 
definition of an integral hypercomplex number. Now that this appears to 
have been successfully accomplished, a wide and fertile field for the research 
worker is thrown open. W.E. H. B. 
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An Introduction to the Study of Alternating Currents. By A. E. 
Crayton. Pp. 296. 10s. 6d. 1923. (Longmans, Green & Co.) 

The matter of this volume is just what is needed for a first text-book in 
Alternating Current Electricity ; and we look forward hopefully to the more 
advanced treatise promised by the author in his preface. The sets of examples 
at the end of the volume are especially praiseworthy ; they are not, as is too 
often the case, mere pickings from old examination papers, but such as the 
author, with years of teaching experience behind him, has found to be of real 
educative value. The diagrams, specially drawn for the work and apparently 
reproduced photographically, are excellent. 

There are, however, faults. These diagrams, although giving the student 
an encouraging sense of familiarity when thus reproduced, lack that quality 
of uniform weight possessed by prints from blocks that have been redrawn by 
the expert technical engraver to a standard reduction. The work might have 
been made much more “easy to read ’’ for the average student, for whom it is 
intended, if the author had made systematic use of different founts of type for 
his main argument and for the subsidiary consequences of that main argument. 
Involved sentences (such as ‘“‘ When the current falls, the heat losses will be 
provided (?) in part by the supply system and in part by the energy released 
from the magnetic field, and when the current has fallen to a certain value, 
the energy is released from the magnetic field at a greater rate than is necessary 
to supply (?) the vr losses, and so some energy will be restored to the supply 
system, as in the previous case”’), which occur all too frequently, could be 
improved by the use of a longer stop than the comma. 

There are one or two unimportant misprints: cases of bad setting, such as 
~{£,, sin at the end of a line with (wt+y,)}? at the beginning of the next 
certainly ought not to have been passed by the author. There seems to be a 
slight error in Fig. 26, where a cusp is shown on the resultant graph for zero 
values of cos wt on the component graph. J. M. C. 


(1) Constructive Arithmetical Exercises. By R.W.M.Giszs. Part I. 
Pp. vii+244+(Answers) 44. 3s. 6d. net. 1922. Part II. Pp. 245-482 + 
(Answers) 45-76 +two-page logarithmic table. 3s. 6d. net. 1922. (Blackie 
& Son.} 


(2) A General Text-book of Elementary Algebra. By E. H. Cuapman. 
pep ay Pp. 144-256 + (Answers) xxiii-xxxviii. 7s.6d.net. 1922. (Blackie 
& Son.) 


(3) Algebra for Schools. By J. Minne and J. W. Roserrson. Part I. 
> vi +139 +(Answers) xxxv. 3s. (with Answers), 2s.6d. (without Answers). 
(G. Bell & Sons.) 


(4) Matriculation Algebra. By C. V. Durrett. Part II. Pp. vi+ 
— +four-page logarithmic table +(Answers) xvi. 3s. 1923. (G. Bell & 
ms. ) 


(5) The “Rapid” Decimal Calculator. By J. Ineus. Size 43” x 34”. 
ls. 6d. net. n.d. (Gall & Inglis.) 

Books (1) are based upon Mr. A. E. Layng’s Arithmetic, and start at the 
usual beginning with notation and numeration. They cover a good general 
course of arithmetic, ending on a commercial note, and have been planned for 
the use of boys from eleven years old and upwards. 

The books are almost entirely devoted to examples, with slight hints and 
references to Layng’s Arithmetic for further explanations. 

These books will compare favourably with the few good recent arithmetic 
books. They err perhaps by overcrowding the pages with heavy calculations ; 
but the discerning teacher will also find many easy suggestive examples which 
promote thought. 

The publishers have printed the books very well indeed. 

Book (2) is a course of elementary algebra beginning with ideas involved in 
words such as homogeneous, symmetrical, degree—presupposing a knowledge of 
Part I. of the book—and ending with quadratic equations. 
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Book (3) covers the whole ground ab initio to quadratics, with less insistence 
on technical skill in manipulationg symbols. 

Book (4) covers the next stage starting with the theory of indices, and in- 
cluding easy series and the Binomial Theorem. 

It is difficult to see precisely why these books have appeared, as with slight 
variations they tell the learner what other writers have told. Indeed, in one 
or two details these new books are mischievous. Surely it is unnecessary to 
encourage slovenliness in the reader by printing such abbreviations as “‘ exp" ”’ 
for ‘‘expression”’ and the like ; or to mix looseness and precision in a single 
formula (Book (2), p. 177), a+b x b=a. 

Also is it an ‘‘ axiom or evident truth that a factor common to each part is a 
_ factor of the whole expression”’ ? (p. 171). I cannot bring myself to quote 

‘expression ’’ again, as actually abbreviated! ThisisI think the first occasion 
where ‘‘axiom”’ is mentioned in the book, and its solitary (and to my mind 
wrong) use is confusing. 

Book (3), p. 22, informs us that 2 x 3is “‘ three times 2.”’ Surely the natural 
starting point is to regard 2 x 3 as two threes, especially as 2 xz has already 
been defined in the latter way. 

Book (4), which is the best of the set, is well arranged and clear. But it has 
some features which are undesirable. Sections are sometimes marked as 
formal bookwork. Why? They are what are usually called proof of theorems. 
Presumably then the other reading matter is informal bookwork. The 
contents of the two kinds of bookwork hardly warrant this distinction. Thus, 
in discussing the geometrical progression, the proof of a formula for the sum 
to » terms is in a section (p. 87) of formal bookwork. Next follows a 
section on the limited sum or sum to infinity, which scarcely differs from the 
previous section in its logical treatment. But this section on limits falls 
between two stools, simply because an assertion is made without qualification : 
namely, the behaviour of r" as no is asserted. The assertion is correct, 
but either it should be proved, or its assumption without proof should be 
confessed. 

To judge from the preface, the author has written his book to suit specific 
matriculation examination schemes, and has rather unwillingly included these 
passages on formal bookwork, which are not required in all such schemes. 

Otherwise, the brevity of the book, the choice of examples, and the use 
of diagrams unharassed by square meshworks (p. 76) are entirely to be 
commended. 

Book (5) is an alternative to a set of four-figure logarithms, but certain 
products (e.g. 335 x 9°75) are given accurately to six significant figures. The 
tables work out a xb, the product falling in column b and row a: a<504, 
b<10°50, 6 running up by differences 01, or Auxiliary tables are 
given to suit British weights and measures. 

Intermediate results may easily be interpolated by applying the formula 


a(b +c) =ab +ac. 
The book is handy and should be useful. 


Invarianten-Theorie. By Rotanp WEITzENBocK. Pp. 408. Paper cover, 


f. 5; cloth, f. 6 (10s., 12s.). 1923. (P. Noordhoff, Groningen.) 

This book, which is well printed in comfortably large type, is written in 
German, by an author who has made many important contributions to the 
Invariant Theory during the last twenty years. For the pure mathematician 
who wishes to know what algebraic foundations lie beneath the present-day 
theories of Relativity, this book is of first-rate value. But before dealing 
with the book itself, a preliminary explanation is needed. 

About eighty years ago Boole published his concept of an algebraic form 
which had invariant properties undisturbed by orthogonal transformations. 
Boole was in fact one of the first to begin to destroy that elegant framework of 
coordinate systems which so long before had been erected by Descartes. In 
Germany at the same date Grassmann was another engaged, for different and 
aarp 8 even more profound reasons, upon the same object. Mathematicians 

ad already begun to escape from what Study has recently called ‘‘ the clatter 
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of the coordinate-mill.” Boole in fact found certain functions J of the coeffi- 
cients of an algebraic form f which exactly answered to the geometrical con- 
cept of a rigid displacement of a curve C. Thus if f=0 is the equation of the 
curve C, then J =0 expresses a fact characteristic of the curve, as for instance 
that a parabola remains a parabola after such a displacement. 

Let 7’) denote in short this type of rigid or orthogonal transformation. 

Very soon the invariant ewe i widened, owing no doubt to the geometrical 
pressure of the projective school, so that the properties of the transformation 
7’, were sunk in more general properties of the projective transformation T,. 
The work of Cayley and Sylvester in England and of Clebsch and Gordan i in 
Germany brought this wider invariant theory—this algebra of projective 
transformations—to a position so dominating, that the earlier work of Boole was 
almost forgotten. Grassmann suffered an almost equal eclipse, until White- 
head some 25 years ago built that massive monument of Universal Algebra 
in his honour. 

Now this projective invariant theory possesses two distinct methods of 
procedure, both ultimately due to Cayley, the direct method and the symbolic 
method. These two methods are, like the methods of approximation, from 
below and from above ; for wherever they happen to meet they prove each 
other and leave no room for doubt. The direct method, which is essentially 
a method of differential operators, provides means of systematically searching 
for and building up systems of forms J, invariant for transformations 7’, , and 
belonging to given ground forms f. One may search and one may find, but 
there is very little to show that the findings are exhaustively complete. 

This direct method may also be applied, and has been applied, to the 
original orthogonal transformation 7, and to the affine transformation Ty 
(which leaves the plane at infinity where it is, and is illustrated for instance 
by an orthogonal projection of an ellipse into a circle). Also by the slightest 
extension it can include allthe problemsof differential forms, thereby also includ- 
ing the imposing array of functions needed in mathematical physics, from the 
screws and wrenches of mechanics to the tensors of Eddington and Weyl 

This direct method, which in spite of all appearances is essentially synthetic, 
has met with wonderful success in varied fields ranging from plane analytical 
geometry to electromagnetism. In many cases the method has been used 
with little to guide the investigator but his intuition, almost his instinct. 
Thus many kinds of vector calculus have arisen and have disclosed invariant 
forms, of which, to take a simple instance, the familiar ll’ +mm/’+nn’ is an 
example, being one way of representing the cosine of the angle between two 
straight lines. This is invariant for the transformation 7. I call this direct 
method synthetic, because, in contrast, the symbolic method is essentially 
analytic. 

Sc far as I know the question has never been asked, among all the varied 
workers in vector calculus, whether every possible type of invariant for a 
given system has been discovered. New types have always been sought and 
added as the need for them has been felt. On the other hand the symbolic 
method starts with a comprehensive grasp which literally includes all possible 
invariants of a given system, for a given transformation (7'y or 7, or TJ); 
and it rapidly refines the original unwieldy mass by processes elaborated by 
Gordan and by Young, founded on a highly abstract substitutional analysis. 
The final ideal residue is the total set of invariants which the other method 
seeks. In complicated cases, as in quaternary or three dimensional problems, 
the two methods are often still far apart, one in excess and the other in defect. 

While all this is fairly well known regarding the 7’, transformation, it is 
almost entirely unknown for the more restricted 7’, and 7'y transformations. 
The chief value of the present book is its story of how the symbolic methods 
avail for 7, and 7T,. Therein it inevitably challenges comparison with a 
remarkable book by Study (Theorie der Invarianten auf Grund der Vectoren- 
rechnung), of which the first volume has just appeared. Briefly, Weitzenbéck 
takes a more analytical course with less excursions into geometry. Nor is 
Weitzenbick quite so fastidious; he is content, for example, to leave im- 
perfections of notation as he finds them. 

The book is designed on broad lines, leaving in detail very little unsaid 
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which should be said. Starting with a sketch of the classical prajentive 
invariant theory and some very carefully defined terms in the realm of poly- 
nomials, and the conditions for their vanishing, identically or otherwise, the 
argument proceeds step by step, and chapter by chapter, to its first goal 
—the proof of the Fundamental Theorem for the symbolic form in n variables, 
for all three types of transformation mentioned. 

This Theorem—that all possible invariants of all possible forms in the 
variables (x), (y)..., (wy) ..., (wyz) ..., (u), (v)...,can be expressed as aggregates 
of ultimately two types of symbolic factors—has only lately been proved in 
general, by the author and by Study. Here () stands for m variables 2,, 
(y) for a cogredient set: (xy) for a set x.y,— xy, etc., and (u) or (v) 
for the contragredient set. When n=4, (xy) is a set of Pliicker coordinates. 
It is the proof for ground forms including this and more complicated sets which 
is due to Weitzenbick. The book quotes the reference but does not give this 
general case. 

The two types of symbolic factor here alluded to are practically Grassmann’s 
inner and outer product. 

Incidentally nearly every aspect of the invariant theory is briefly mentioned, 
with appropriate references, the only exceptions being the more recent work 
on projective and on modular invariants in Great Britain and in America. 

The ultimate aim of the book is to show how the whole problem of the 
Tensor calculus (which is developed at length) is a problem of projective 
geometry. The thesis crystallises on page 351, where a family of five quater- 
nary forms is assembled. These are a quadric surface, a quadratic line complex, 
a point, a bilinear form and a trilinear form. It is shown that a knowledge 
of the projective invariant complete system of this family would give 
exhaustively a complete system of Tensor invariants for the general type of 
Relativity as contemplated by Weyl. 

Whether a systematic algebraic attack upon this family of five forms will 
yield a fruitful crop of results of importance in physics is at present not known. 
But if past experience has any weight, one thing is evident, namely that the 
general problem is almost impervious to any but the symbolic method of 
attack. The author is to be congratulated on bridging the gap between two 
alien branches of mathematics, symbolic algebra of invariants and physics. 
There was a time when non-Euclidean geometry and physics were as alien to 
one another. 

The book is full of small misprints, and is marred by an unfortunate same- 
ness in type between a anda. Also, whether the double symbolism, called 
ordinary and complex symbols, is entirely necessary is open to doubt. 

The book could be read by a student wishing to learn the invariant theory 
without previous knowledge of the subject. 

H. W. TuRNBULL. 


The Calculus of Observations : A Treatise on Numerical Mathematics. 
By E. T. Wurrraker and G. Rosprnson. Pp. 395. 18s. 1924. (Blackie 
& Son.) 


For a long time the teaching of mathematics in our schools and universities 
has included algebra and analysis to the almost complete exclusion of numerical 
work. There has been a tendency to consider mathematics as the exposition 
of problems which can be solved analytically. It has indeed been known that 
many problems quite intractable in the general case can be solved numerically 
to any required degree of accuracy without any great mathematical know- 
ledge. Numerical methods have, however, not been treated in detail in most 
of our universities. 

This neglect of arithmetical methods is difficult to understand. In the 
application of mathematics to applied science numerical work must be intro- 
duced at some stage or other, and quite frequently that stage is not the final 
analytical one. Even the purest of pure mathematicians will admit there is 
an interest in finding a result to a stated degree of accuracy with a minimum 
of work. In the past some great mathematicians have at times found enjoy- 
ment in the calculation of certain constants to a very large number of decimal 
places. (Some may still mdulge in this form of recreation and perhaps; feel 
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half ashamed of it.) We hold, however, that methods for the accurate deter- 
mination of numerical values is an important branch of mathematics. The 
principal formulae, due to such men as Newton, Maclaurin, Stirling, Euler, 
the Bernoullis, Lagrange, Laplace, and Gauss, should form part of univer- 
sity courses in mathematics. 

During the past ten years Prof. Whittaker has given courses of lectures in 
numerical methods in the Mathematical Laboratory of Edinburgh University, 
and the book under review is the outcome of these lectures. It should form 
a most valuable addition to our mathematical text-books. Very little of its 
400 pages is to be found in any other mathematical text-book in the English 
language. The subjects dealt with include interpolation, numerical differentia- 
tion and integration, evaluation of determinants, solution of equations, fre- 
 panae  d distributions, the method of least squares, correlation, practical 

ourier analysis, the search for periodicities, and the smoothing of data. The 
different chapters are more or ae independent, so that a student interested 
in any special subject may turn to the chapter dealing with it without reading 
all the earlier chapters. 

The book is beautifully printed, and although we have read it with con- 
siderable care, we have found remarkably few slips or misprints for a book 
of this kind. The proof for the Newton-Cotes formula for integration on 
p. 153 is however unsatisfactory, and one term too many is included in the 
Fourier series on p. 263. Although the book deals with a large number of 
methods of numerical computation, it is a real text-book of mathematics, and 
treats of a number of purely mathematical or analytical results. This should 
make it the more valuable for use in schools and universities where examina- 
tions of a traditional type have to be faced. We believe that all who read 
it will enjoy its freshness and freedom from everything pedantic. Historical 
references with which the book abounds add to its general attractiveness. 
This book is by no means the least of the many services which Prof. Whittaker 
ay rendered to British mathematics, and we look forward to a great future 

or it. 

Many illustrative examples are given in the book. The following from 
p- 299 shows how data can be smoothed. The first column gives the actual 
value of a function of the form‘a/z+b. The result was rounded off to the 
nearest integer, and two different methods for replacing the decimals gave 
the results shown in the second and third columns. Values of the function 
outside the range tabulated had to be used. 


739341 7393°36 739329 
7169°86 7169°80 7169-73 
6948-41 6948°34 6948°26 
6729-02 6728-93 6728°94 
6511-68 6511°63 6511-64 
6296°35 6296°31 6296-36 
6083-00 6082°99 6083-05 
5871°61 5871-58 5871-69 
5662715 5662715 5662°23 
5454-60 5454-64 5454-67 
5248-92 5248-97 5248-97 
5045°10 504514 5045°11 
4843°10 4843-10 4843-09 
4642-91 4642°88 4642°88 
4444-49 4444-46 4444°46 
4247°84 4247°80 4247°79 
4052-91 4052°84 4052-86 
3859°70 3859-59 3859°64 
3668°17 3668-08 3668-10 
3478°31 3478-19 3478°23 
3290-09 3289°99 3290-00 
3103°50 3103°44 3103°40 
2918-50 2918-47 2918-41 


Royal Observatory, Greenwich. J. JACKSON. 
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History of Mathematics. By Davip Eucene Smiru. Vol. I. (General 
Survey of the History of Elementary Mathematics.) Pp. xxii+596. 4$§. 
1924." (Ginn & Co.) 


In this preliminary volume, Prof. D. E. Smith, in carrying out his survey 
by periods, has kept the geographical and historical backgrounds well in view, 
and has tried to assign to various races of mankind their contributions to the 
general advance. We had recently come to the conclusion that a work 
written from this standpoint was to be desired for the use of students and 
others who, without intending to be professed mathematicians, have sufficient 
interest in the science as a branch of culture to wish to have it correlated 
with other branches. We had not, however, ventured to hope for the appear- 
ance of such a volume so soon or written by such an expert as Prof. Smith, 
qualified alike by his experience in teaching the subject and by extensive 
first-hand acquaintance with original sources. We feel sure that it will be 
welcomed by many readers of the Gazette, in whose columns the claims of 
history on the attention of the teachers of mathematics have been repeatedly 
urged. It will be further recommended to the class of readers for whom it 
is chiefly intended by the profusion with which it is illustrated by facsimiles 
of portions of old books and MSS., autograph letters by celebrities, repro- 
ductions of portraits, etc., drawn from the treasures in Mr. Plimpton’s exten- 
sive library, and in the collection made by the author in his travels. We 
may, from the reproductions of diagrams, text, or illustrations, single out : 

For the interest of their subject ; those of an ancient Chinese block-print 
in the Chdu-pei Suan-king and of a proposition with its diagram from the 
first printed Sanskrit edition of Bhascara’s Lilavati, both dealing with the 
Theorem of Pythagoras, and suggesting interesting questions as to how 
the authors arrived at their results. 

For beauty of execution ; those of MSS. or printed pages of Euclid, especi- 
ally that from the Venice edition. 

For quaintness; those of the ‘‘ Tower of Knowledge” and of ‘“ Arith- 
metica ’’ from the Margarita Phylosophica. 

The 53 portraits reproduced range from those of Cardan and Tartaglia to 
those of Sylvester and Cayley; Descartes, Newton, Wallis, Leibniz and 
Saunderson each getting nearly a full page. 

Among the writers of the 13 autograph letters reproduced are Descartes, 
Euler, Clairaut, Legendre, and Montucla. 

Turning from the very attractive illustrations to the text, we find a great 
wealth of information in agreeable form, and, even in the case of lives which 
have been written again and again, the frequent introduction of some pic- 
turesque detail fresh to us. At the end of a period we have a summing up 
of its general characteristics. We select the following sketches of a period, 
a biography, and an institution : 

(i) Of the historic period down to 1000 B.c.: 

** Metal as distinguished from natural ore was discovered c. 4000 B.c.... 
then came a new need for weighing and measuring and a new impetus to the 
system of barter.... About 500 years later writing is known to have been 
in use and the system of ruling over masses of people had become so advanced 
as to render possible the control of several millions by one government. The 
bearing of all this upon the development of a number system and upon 
systematic taxation is obvious.... About 3000 B.c. the earliest stone 
masonry was laid and sea-going vessels began to cross the Mediterranean .. . 
so that history now enters upon a period in which mathematics reached out 
beyond mere counting and into such fields as that of practical geometry.” 

(ii) Of Leonardo Fibonacci (known also as Leonard of Pisa, c. 1170-c. 1250) : 

‘** At the time of Leonardo’s birth Pisa ranked with Venice and Genoa as 
one of the greatest commercial centres of “iy * These towns had large 
warehouses, where goods could be stored and duty paid, in all important 


ports of the Mediterranean, the head of such an establishment being a man 
of considerable prominence. It was such a position that the father of Leonardo 
held at Bugia on the northern coast of Africa, and in this town Leonardo 
received his early education from a Moorish schoolmaster. As a — man 
he travelled about the Mediterranean, visiting Egypt, Syria, Greece. Sicily and 
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Southern France, meeting with scholars and becoming acquainted with the 
various arithmetic systems in use among the merchants of different lands. 
All the systems of computation he counted as poor, however, compared with 
the one that used our modern numerals. He therefore wrote a work ip 1202, 
Liber Abaci, in which he gave a satisfactory treatment of arithmetic and 
elementary algebra. ... Leonardo also wrote three other works, the Practica 
geometrie (1220), the Liber quadratorum (1225), and the Flos.... These 
works treat of the theory of numbers in a way that shows that Leonardo was 
a mathematician of remarkable ability considering the time in which he lived. 
His name attaches to the series 0, 1, 1, 2, 3, 5, 8, 13... , in which vw, =u,-1 +Un-2, 
where : Un—>4 (V5 1).” 

(iii) Of the Rechenschule instituted by the Hanseatic League (1400-1500) : 

‘“‘ The Church schools having failed to prepare boys for business, the League 
undertook this work, offering not only reading and writing... but also 
business arithmetic. Out of this kind of teaching of apprentices there arose 
a type of commercial school known as the Rechenschule presided over by a 
Rechenmeister. In due time the Rechenmeisters formed guilds, claimed a 
monopoly in their vocation, and finally came to be looked upon as regular 
officials of the town. Not infrequently their duties included the sealing of 
measures, the city gaging of casks and occasionally the minting of money. . . . 
In the larger cities the Rechenmeisters’ guilds admitted apprentices, who 
served for six years, then becoming Schreibers (writers) with the privilege of 
becoming assistant teachers. When a locus opened, the eldest of these cadets 
was subjected to an examination, and, if successful, was given the position 
with the rank of Meister. The guild of Schreib- and Rechen-meisters con- 
tinued in Lubeck, for example, until 1813.” 

A prominent feature is the space devoted to oriental nations, especially to 
the Chinese and Japanese, some of the most interesting discussions being on 
the known and the imagined interactions between East and West. 

We venture some friendly criticisms : 

(i) Some paragraphs seem to show signs of hasty composition, e.g. that on 
Oriental Civilisation in the West (i.e. that of the Mohammedans in Spain, 
P- 192). It seems to us that a sentence here and there might be improved 

y revision or reconstruction. 

(ii) Konig, if mentioned at all, seems to deserve something better than his 
description as “* a learned but indiscreet Swiss mathematician who had accused 
Maupertuis of plagiarism.” 

(iii) J. Werner might have been given credit for original work, not merel 
in Conics, but in Prosthaphaeresis. We do not see any mention of that method, 
so soon to be replaced by logarithmic calculation. As it may have suggested 
to Napier not the actual invention of Logarithms but the quest of some 
such invention, it has perhaps been reserved for the history of their develop- 
ment in Vol. IT. : 

The present volume contains the following aids to the student : 

(i) A bibliography giving a history of such works, especially of those in 
English, French or German, as are likely to be found in college, university 
and city libraries. 

(ii) Copious references in footnotes throughout referring to original sources. 

(iii) A chronological table occupying 20 pages, the relative importance of 
the names and events given in it being indicated by four grades of type. 

(iv) A section on the pronunciation, transliteration and spelling of proper 
names. 

We look forward to the appearance of Vol. II. with agreeable anticipation. 


Plane and Solid Geometry. By W. B. Forp and C. AMMERMAN. 
Pp. x+356+xxviii. Revised edition. 1924. (Macmillan.) 

This is an excellent text-book drawn up on much the same principles as that 
by Parkinson and Pressland lately reviewed, and like it, of a ‘“‘ conservative ”’ 
tendency. It carries out the reforms so long advocated by the A.I.G.T., 
illustrating geometrical concepts by a variety of familiar objects and leading 
on gradually to strictness of reasoning. The authors acknowledge their 
indebtedness to other writers of text-books, especially to Godfrey and Siddons, 
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as well as to recent reports and papers: indeed, as we turn over the pages, 
it is pleasant to recognise how various good notions seem to be becoming 
common property. We are glad to see Perigal’s Dissection among the 
illustrations to the old “I. 47.” A section on the Trigonometrical Ratios is 
included among the chapters on “ Plane’ and a chapter on Spherical 
Geometry (pp. 309-350) added to those on “ Solid.’’ There are also brief but 
useful explanations of : 

(i) “ Plan and Elevation ’’ and of “‘ Perspective.” 

(ii) A brief sketch of the History of Geometry, illustrated by two full-page 
facsimiles of originals in Billingsley’s edition of The Elements. 

(iii) Asset of Tables of Powers, Roots, Functions, etc. (pp. i-xxviii at end) 
useful for solving the examples given for numerical calculations. 

Type, arrangement and diagrams have the same excellence that it has been 
our pleasant duty to notice in previous American text-books. The diagrams 
for Spherical Geometry are to be specially commended, the “ half-tone”’ 
engravings being very effective in giving the impression of relief ; in a few of 
the other “‘ Solid” figures the shading seems occasionally overdone. 

Epwarp M. LANGLEY. 


The Earliest Arithmetics in English. Edited with Introduction by 
R. Steere. Pp. xviii+84. 15s. net. 1922. (Oxford University Press, for 
the Early English Text Society.) 


‘*“The most worthless book of a bye-gone day is a record worthy of pre- 
servation. Like a telescopic star, its obscurity may render it unavailable for 
most purposes ; but it serves, in hands which know how to use it, to determine 
the places of more important bodies.” 

De Morgan, (Prefatory Letter to) Arithmetical Books. 

In De Morgan’s volume (1847) from which the quotation above is borrowed, 
that indefatigable man of books was able to include from 70 to 80 works on 
Arithmetic, published between the invention of printing and 1601. All of 
these he had himself examined. A later worker in the same field, Prof. D. E. 
Smith, in his Rara Arithmetica (1909), was more fortunate in his opportunities, 
and has managed to secure for his list some 450 different volumes on Arith- 
metic, apart from the various editions. Here we speak from report, not 
having seen Prof. Smith’s volume which, incidentally, seems to be a concise 
history of the development of arithmetic and its literature during the period 
mentioned. The arithmetical sections of the splendid Libri and Boncompagni 
libraries of the early nineteenth century have been cast into the shade by the 
magnificent collection of Mr. Plimpton, in which the American student may 
examine almost every known Arithmetic published in the sixteenth century. 
De Morgan found no such treasure-house ready tohand. The British Museum, 
which Prof. Smith no doubt consulted, is not the British Museum of the days 
of the author of the famous Budget of Paradoxes, not had De Morgan the 
opportunities enjoyed by his enthusiastic successor of consulting the great 
libraries on the continent of Europe. His flair was tested on the stalls, the 
barrows, and the second-hand shelves. In De Morgan’s time no access was 
possible to large sections of our National collections, partly because the scope 
and method of the catalogues were quite inadequate for the needs of the 
public, and partly from other causes. De Morgan himself played a con- 
spicuous réle in the agitation that ultimately led to the appointment of a 
Royal Commission, and it was perhaps his characteristically vigorous and 
pointed evidence that spurred on that body to take the necessary steps to 
sweep away the various abuses that hindered the complete use of the library. 

We have to run through a dozen pages of De Morgan’s list before we come 
to an English Arithmetic at all. In 1522 Cuthbert Tonstall, just appointed 
Bishop of London, published in London his swan song as a mathematician— 
his De Arte Supputandi. The next year — in Venice an Algorismus,. 
generally attributed to John Sacrobosco. is is to be found in Halliwell’s 


Rara Mathematica, ‘“‘ evidently,’’ says De Morgan, ‘“‘ under the impression that 
it had never been printed.’”’ There were, however, editions in 1517 (Vienna) 
and 1521 (Cracow), and I find in my notes a reference to a possible edition: 
as early as 1490. 
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But the first book written in English on De Morgan’s list is a quarto “‘ printed 
in Southwarke in Saynt Thomas hospitall’’ (? 1539). The author, ‘“ Syr 
Rycharde Benese, Chanon of Marton Abbay besyde London,” brought out a 
revised edition some twenty years later. 

Mr. Robert Steele, who has carefully edited and provided with an excellent 
introduction the little monograph at the head of this notice, laments that 
the number of English Arithmetics before the sixteenth century is very small. 
He assigns the obvious reasons. All likely to need instruction in Arithmetic 
knew Latin, and many manuscripts in that tongue still exist. Even in the 
seventeenth century, Sir Henry Savile could not coax his Oxford students 
further than Euclid I. 5. So it is not surprising to find that the teachers of 
“advanced ” students in the thirteenth century contemplated with equani- 
mity the possibility of their pupils being ‘‘ held up ”’ after the first three rules 
of arithmetic. The only body of men in these early days to whom the power 
of computation was essential would be the astronomers. 

Of the arithmetics in English, and of the fifteenth century, those known 
to Mr. Steele are: (1) a fragment beginning, ‘‘Of augrym ther be IX figures 
in numbray....”’ (Bodl.), (ii) another: ‘‘ Al maner of thyngis that prosedeth 
ffro the frist begynning. ..”’ (Cam. Univ.), (iii) certain fragmentary passages 
or diagrams (Sloane, Egerton, Hart), and (iv) The Crafte of Nombrynge, 
(Egerton); The Art of Nombryng (Bodl., Ashmole) ; Accomptynge by Counters 
(from Recorde’s Arithmetic, 1543). Mr. Steele prints the three items in (iv), 
adding in Appendices A Treatise on the Numeration of Algorism (fourteenth 
century MS. 2 pp.), and the Carmen de Algorismo first printed by Halliwell 
(loc. cit.). 

Here pardon may be asked for a moment’s digression to comment on the 
difficulty that at times confronts the student of the celebrated Art de Vérifier 
les Dates. I have before me the copy of the Rara Mathematica, 1839 (London, 
Parker), inscribed in Halliwell’s own hand: Rev. W. Butler, from his former 
pupil; The Editor. The book is dedicated to T. 8. Davis, then Professor at 
the R.M.A. Woolwich, and the dedication is written at Jesus College, Cam- 
bridge, and is dated March 1, 1839. Prof. D. E. Smith refers to the Rara 
in Vol. I. of his new History of Mathematics, footnote p. 226, as London, 1838, 
2nd. ed., 1841, and in his notes to the Budget he gives Halliwell (1820-1884), 
as bringing out the Rara at the age of 19. Mr. Steele speaks of Halliwell’s 
two editions of 1839 and 1841. The Epitome to the D.N.B. states that in 
1840-1 Halliwell prepared for the press twenty-three works, including . . . the 
Rara.... Sotheran’s Bibliotheca Chem.-Math., Vol I1., gives 1841 as the 
date of the 2nd edition. The lesson to be learned from this tangled web is 
always to look at any leaves at the end of a book. You may find another 
book bound in. In the present case the reader is rewarded by finding that 
already thrice this brindled cat had mewed. Thus, pp. 1-18 appeared June 1, 


* 1838; pp. 49-96 on October 1, 1838, and the rest on June 1, 1839. But 


even so the statement implies that what was published in June was pp. 97- 
120. If any reader has seen the copies of 1838 it would be interesting to 
know if the October 1838 consisted of pp. 1-96, or of pp. 49-96, and if any 
1839 edition consisted of pp. 97-120 alone. Incidentally it may be mentioned 
that, in 1838 this boy of 18-19 published an account of Sir Samuel Morland, 
Master of Mechanics to Charles II. It would be nice if a copy of this could 
be found to take its place by the Rara in the Library of the Association—its 
copy of the Rara belonged, by the way, to the hero of the old Cambridge 
‘** Beauty and the Beast Story,” Robert Potts of ‘‘ Euclid ’ fame. But to 
return. 

The two Algorisms with which Mr. Steele deals are those attributed to 
Sacrobosco and to Alexander de Villa Dei. The MS. (Harl. 3902) consulted 
by Halliwell in the British Museum is Alexander’s Massa Compoti, and it 
contains an introduction by another author, stating, moreover, that De Villa 
Dei composed Doctrinale et Algorismum Metricum. Chasles, the famous French 
geometer, happened to notice in the Library of the French King a copy of 
this MS., and looking at the end he found the colophon: Explicit Algorismus 
editus a Magistro Alexandro de Villa Dei. Thus it was through Chasles 
that Halliwell discovered the authorship. This account apparently does not 
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square with that given by Mr. Steele (p. xv). Alexander (fl. 1225) was a 
Franciscan monk, a Canon of Avranches, in Brittany, and was teaching in 
Paris in 1209. He was a teacher, in fact, of some note inhistime. The Latin 
Grammar taught in the Middle Ages was ultimately reduced to a summary 
of Donatius, with teachers’ commentaries thereupon. All this was replaced 
for many a long year by Villa Dei (or Villedieu), whose Doctrinale was the 
notable grammar of the fifteenth century. He died in 1240. In 1200 he 
wrote a treatise in verse on the Calendar, and to that period Mr. Steele attri- 
‘butes the Algorism in Latin verse, Carmen de algorismo, which, as Prof. D. E. 
Smith remarks, ‘‘ probably did more to make known the new Hindu-Arabic 
numerals than any other work of the century.” It is this Carmen that was 
quoted 50 years later by Sacrobosco. The Craft of Nombrynge is a translation 
into N.E. Midland dialect of one of the many glosses of the Carmen. Mr. 
Steele prints out such a gloss in the King’s Library in the British Museum 
by Thomas of Newmarket. The Art of Nombryng, like the Craft, is here 
published for the first time. . It is a literal translation with additions, from 
an inferior MS., suggests Mr. Steele, of the Tractatus de arte numerandi or 
Algorismus generally attributed to Sacrobosco. 

The Accomptynge by Counters was reprinted of late by Mr. F. P. Barnard 
in his Casting Counters. ‘“‘ It is the earliest English treatise on this variety 
of the Abacus... but there is little doubt in my mind,” says Mr. Steele, 
‘that this method of performing the simple operations of arithmetic is much 
older than any of the pen methods.” 

The Introduction furnished by Mr. Steele is as valuable as it is full. He 
shows how the distinction was long maintained between Arithmetic as a 
Science and Arithmetic as an Art. He describes the pre-Mediaeval instru- 
ments used in calculation, and his sections on the classical Roman methods, 
and the Boethian Abacus, clearly express the special difficulties that beset the 
early Abacists. Then come the Algorists, with the arrival of digital Arithmetic 
and of ‘‘ Arabic” figures. The volume is nicely bound and well printed, and 

ossesses a vocabulary of technical terms and a glossary. Students interested 
in the history of our science will not fail to appreciate the value of this 
important little contribution to the literature of the subject. 


The Rhind Mathematical Papyrus: British Museum 10057 and 10058. 
Introduction, Transcription, Translations and Commentary by T. E. Pret. 
Pp. 135. £2 2s. 1923. (Liverpool Univ. Press.) 


Our knowledge of the continuity of Hellenic culture remained incomplete 
as long as we had no trustworthy guidance as to the extent to which it was 
indebted to the civilisations of Egypt and Asia. Until the discovery of the 
Rhind papyrus the gap was imperfectly filled by the long series of conjectures 
and traditions handed down to us by the Greeks themselves. With that 
discovery a flood of light was thrown on the extent to which the awakening 
of scientific thought had progressed in a highly civilised area up to a date 
variously estimated between 1800-2300 B.c. As a graphic school illustration 
of the effect of the finding of this famous papyrus we might suggest the follow- 
ing. Most of the members of a class have supposed that a guinea has been, 
is, and will be £1 1s. From that state of acquiescence or indifference offe of 
its members of a critical frame of mind is awakened by reading that Dryden 
received for the 10,000 verses in his Fables £268 15s. He refers back and 
finds the sum agreed upon was 250 guineas. Having little faith in the pro- 
verbial generosity of booksellers he checks this little account, and finds that 
the bookseller, after all, was generous, or that the guinea must at the time 
have been worth sixpence more than at present. He notes that the value of 
the guinea was, perhaps, not invariable, but he does not know. Some time 
later a document is discovered at the Mint containing a list of fluctuating 
values of the guinea from its first coinage to the end of the eighteenth century. 
That document, for the boy and his guinea, is comparable to the Rhind papyrus 
for students of Greek mathematics. 

The papyrus in question was bought at Luxor in 1858 by Mr. A. H. Rhind, 
a Scotch antiquary, and incidentally, we may note, the author of a volume 
on the Law of Treasure Trove and kindred subjects. From his possession 
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it to the British Museum, where it was examined in turn by Lenormant 
(1867), Birch (1868) and Brugsch (1874). 

The first serious discussion did not appear until Eisenlohr published his 
Mathematisches Handbuch der alten Aegypter in 1877. In this he reproduced 
facsimile plates lent to him by the British Museum, ‘a courtesy which he. . . 
repaid by publishing a tracing of them without authority.”’ In 1898 the 
Museum itself published 21 plates, an ‘“‘ almost perfect facsimile,’ with an 
introduction by Dr. E. A. Wallis Budge (v. Nature, vol. 59, p. 73). F. L. 
Griffith’s articles on Egyptian weights and measures (Proc. Soc. Bibl. Archae- 
ology, xiii. xiv. xvi. 1891) dealt fully with the papyrus, but little else except 
on details was done until 1895 when Dr. Hultsch took for his text Egyptian 
fractional arithmetic in an article on Agyptischen Teilungsrechnuny (Abhand. 
der Kgl. Sachs. Gesellschaft .. . phil.—hist. Klasse, vol. 17, No. 1, 1895). 

The way to a definitive edition and interpretation of the famous papyrus 
was to some extent blocked by an obstacle, the removal of which reads like 
a passage from a fairy-tale. In the British Museum we see two separately 
mounted pieces, once part of one roll, but with a gap between them. We 
must say that we envy the feelings of the man who found amid fragments of 
a Medical papyrus in the Egyptian collection of the New York Historical 
Society other fragments “of two or more papyri, containing numbers and 
quantities,” conjectured that they were part of the Rhind roll, and verified 
his conjecture. A table of resolution of fractions of numerator 2 extended 
over the New York fragments. 

The brilliant and exhaustive survey in the sumptuous volume before us will 
be welcome to the Egyptologist whose mathematics is “‘ to seek ’’ and to the 
mathematician by whom a knowledge of hieroglyphics, etc., is not likely to be 
sought. The author has had advantages not at the disposal of his predecessors. 
He has seen the New York fragments, the Kahun fragments, the Berlin 
fragments, and photographs of the Moscow papyrus, together with relevant 
documents of later dates. His own equipment is indicated by his Craven 
Fellowship at Oxford, his Egyptological work at that University, and the 
Chair he now occupies at Liverpool. The University Press of Liverpool 
publishes the book, the pages of which are about 144 by 94 inches. The price, 
two guineas, is not out of the way in these days of costly printing, for there 
are 134 pages of large type, and the plates all but exhaust the letters of the 
alphabet. We think that Prof. Peet and his University have reason to be 
proud of an unusually fine piece of work. 

The Introduction is quite admirable. The papyrus is described (10058 is 
206 cm. by 33 cm.; 10057 is 319 cm. by 33 cm.+); the document from which 
it is copied is placed by the author between 1849 and 1801 B.c., this estimate 
placing that document with the Kahun, Berlin and Moscow treasures of the 
twelfth dynasty. 

The contents afford convincing proof that the Egyptians were a long way 
from possessing a science of arithmetic. This papyrus is but to a limited 
extent what we now call a ready-reckoner. It contains no theory, no general 
rules. It contains tables, and a series of problems worked out by their aid— 
“* problems such as would constantly be required to be solved by an Egyptian 
master-builder, land-owner, farmer, or estate-agent ”’ (Nature, loc. cit.). Thus 
we find problems on: divisions among so many men of loaves in equal or 
unequal proportions, of barley in shares in A.P., food estimates for poultry 
or cattle, and problems dealing with simple geometrical figures, plane and solid. 

After a description of the documents available for the study of the origin 
and content of Egyptian mathematics, Professor Peet proceeds to discuss 
their general character. The difference between the Greek and the Egyptian 
schools of thought began when the Greek mind, the eager, restless mind of 
men full of divine curiosity “‘ either to tell or to hear of some new thing,” 
began to ponder over the mysteries of abstract number. The Egyptian 
system of notation was and remained a decimal system. Vertical strokes 
from 1 to 9; each ten from 10 to 90 had a sign like a croquet hoop; each 
hundred from 100 to 900 had as its sign a simple spiral, and so on. The only 
table the Egyptian knew, wanted, and used was the two timestable. He 
kept on doubling when he wished to multiply. In division he kept on halving. 
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With the exception of 3, the only fractions he wrote had unity for numerator, 
but there is evidence that he could conceive of fractions with numerators greater 
than one. There is no instance in this papyrus of a square root. Simple 
trial was the method of solution for a linear equation and for such equations 
as could be reduced to the linear form. 

The method of setting out a sum is seen from the last of the arithmetical 
problems. 

A hundred loaves to 5 men, one-seventh of the three first men to the two 
last (or one seventh of the three superiors to the two inferiors). 

What is the difference of share ? 

The doing as it occurs, supposing the difference of share to be 54, 


— 1 23 60 
17} 40 
12 — 
—l 64 Total, 100 
1 

Total, 60 


You are to count with 1%. 
23 times, it becomes 384 
294 


174 ” ” 
12 20 
64 10% +4 
1 ” ” 
Total, 100 


The problem was to divide 100 loaves among 5 men so that the shares are 
in A.P., and the sum of the two smallest shares is one-seventh the sum of 
the three largest. 

The reader may divine the Egyptian’s method. He will find Prof. Peet’s 
explanation on p. 78. 

We should like to dilate on the twenty pages on Mensuration which 
follow these sections and the miscellaneous problems, etc. (pp. 102-131), but 
exigences of space forbid. 

No reader can rise from the study of these pages without a full appreciation 
of the ingenuity with which the scholar has overcome the difficulties of his 
medium, and produced in the most difficult cases an extremely plausible 
if not certainly correct interpretation of problems even when the data are not 
always fully supplied. This handsome volume may be beyond the means 
of many of us, but at least it should find a place on the shelves of every 
interested society and of every public library in the kingdom. 


Elementary Mathematical Astronomy. By C. W. C. Bartow and 
G. H. Bryan. Pp. x +445. 9s. 6d. 1923. (Univ. Tutorial Press.) 

The first edition of this valuable text-book ran out of print in a few months. 
The present is the eighth impression and the Third Edition. Thirty years 
having elapsed since the book made its first appearance, and the demand for 
it being as great as ever, it is sufficient to say that as far as the body of the 
work is concerned no alteration has been made. What was necessary to be 
done to bring it into conformity with modern astronomical knowledge has 
been done by no less an authority than Dr. A. C. D. Crommelin. We need 
say no more than that the book has now a new lease of life and that, so far, 
it has had no rival. 


Theory of Determinants. By Sir THomas Murr. Vol. IV. Pp. xxxi 
+508. 40s. net. 1923. (Macmillan.) 

This monumental piece of work, an historical account of the Theory of 
Determinants up to the close of the nineteenth century, has in Vol. IV. been 
brought by its accomplished author to a successful conclusion. The present 
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and future generations of students will have reason to remember the name 
of one who by the completion of this herculean task has placed within their 
reach a ready reference to progress achieved in this subject from its genesis 
to 1900. In one respect the burden of preparing this volume has been some- 
what lightened, inasmuch as of the 800 writings analysed herein, more than 
90 are from the author’s own pen—quorum pars magna fui, indeed! That 
there are so many more papers to be examined than in the previous periods 
of twenty years is attributed by Sir Thomas to the greater number of students, 
the increased number of journals, and perhaps to a lack of judicious severity 
on the part of editors. That much-abused tribe may well shudder when they 
read that ‘‘ the number of writings which the chronicler of scientific progress 
can without unkindness dismiss in a sentence grows apace.’ It is interesting 
to note that ‘‘ Zero-axial determinants ” and “ Determinants of Combinatory 
Numbers ” have in these two decades ceased to attract the fruitful attention 
of explorers. On the other hand a new chapter has had to be given to “ De- 
terminants having Invariant-Factors,” a eabiect on which, up to 1873, none 
had written but Sylvester, Cayley, H. J. 8. Smith and Weierstrass. Once 
more we congratulate Sir Thomas most warmly on the determination with 
which he has brought to its close this great contribution to the literature of 
mathematics. 


The New Examiner. By P. B. Battarp. Pp. 269. 6s. net. 1923. 
(Hodder & Stoughton.) 


Unconventional Arithmetical Examples for Juniors. By R. 8S. 
Wittiamson. Teachers’ Edition. Pp. 77. 3s. 1923. (Cam. Univ. Press.) 


Oxford Picture Arithmetics. By H. M‘Kay. Books I. and II., each 
32 pp. 4d. each; cloth 8d. each. Teachers’ Books J. and II., 64 pp. each. 
ls. 6d. net each. 1923. (Oxford Univ. Press.) 


Mathematical Problem Papers for Indian Colleges. By A. A. 
KrisHNASWAMY. Pp.iv +140. 1:4rupees. 1923. (Wesleyan Mission Press, 
Mysore.) 

Dr. Ballard, in the first of the books above, carries yet one step further 
the admirable work he has set out in previous volumes in connection with 
psychological tests. His motto being ‘all examination is measurement,” 
and admitting for the new examination that it is ‘“‘ dangerous because it is 
vital and forceful and efficient,’ he takes great pains to point out how all 
risk of damage may be reduced to a minimum. The chapter on Mathematics 
must not be taken by itself as a test of the value of this very suggestive volume. 
But it happens to give in a nutshell the difference between the old and the 
new methods. The London University matriculation papers in Arithmetic 
and Algebra consist of ten questions, for the working of which three hours are 
allowed. Those who have helped to examine the results know with what 
meticulous care the marking pf each question is graded for every part and for 
every likely solution or partial solution, so as to secure uniformity. Even 
then cases are found in which something must be left to the discretion of the 
individual. Quite apart from the validity of individual opinions, and of 
them ut palata sic judicia, temperament counts. As Erasmus has put it, 
“nihil est morosius judiciis hominum.” Compare this uncertainty, this tacit 
acceptance of human frailty with the work of the stencil-clerk examining in 
the arithmetic paper set in the American Army Intelligence Exams.—20 
questions to be answered in five minutes, and each answer a right or a wrong. 
We are asked to choose between “ hard to set ” and ‘‘ easy to mark,”’ or “ easy 
to set’ and “hard to mark.” Shall we come to a paper of questions, each 
with a number of possible answers, against the best answer among which the 
student places a cross ? or shall we contrive an examination in which most 
benefit accrues to the student who marks his own papers? What are the 
comparative values of furious thinking and leisurely thinking ?_ Dr. Ballard’s 
vigorous and attractive little volume deserves’ very close consideration alike 
from those who are satisfied and those who are dissatisfied with the school 
examination as an ideal instrument for its purpose. 
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An experiment, which we believe originated in the West Riding of York- 
shire, has been forced upon those who are dissatisfied with the standard 
arithmetic examination as a means of testing the thinking power of candidates 
for scholarships to Secondary Schools. In the Unconventional Examples 
above, Mr. R. 8. Williamson, at one time Special Assistant for Higher Educa- 
tion to the W.R. County Council, has brought together in a series of papers 
a collection of examples, “the majority original and derived from practical 
experience.” The aim is ‘‘to provide exercises for stimulating mental 
initiative and activity.” The selection is quite admirable, and shows a real 
effort on the part of the compiler to awaken the intelligence and interest of 
the child. They are a striking contrast to a paper devised for the same 
purpose in another county, in which nearly every question is of the form: 
multiply this by that ; divide so and so by so and so, the examiner being in- 
structed to make each question as short as possible. The fault may, of course, 
rest with the elementary schools, but we do not think that this is the case. ° 
It may have something to do with a desire to fill all free places vacant, irre- 
spective of considerations of fitness. But to return to our questions. We 
have not noticed one on ground explored some time ago in The Spectator. 
A man sells for £1 what he bought for a shilling and says that he thus made 
1900% profit. Another contradicted this and said: ‘‘ No! your profit was 
95%, being the difference between sale and cost prices (19s.) multiplied by 
100 and divided by sale price ( x 4°). Which was right? Or again, a master 
gave his man £100 worth of goods and told him to sell them at 100% profit. 
The man brought back £200, but his master demanded £300. Which was the 
right amount ? Dickens might be a happy hunting ground. Let a child 
think about the weight of Tattycoram’s box (Little Dorrit II. c. xxxiii.) ; 
or of the chests of specie in another tale—two porters to each iron box ; 
or of the thief described elsewhere as flitting from a window with a carpet 
bag half full of sovereigns (about 5 ewt. ?) Composing such papers—before 
they are needed—adds a new gaiety to existence. In the instruction for 
postage of books issued in 1848, it was stated that ‘“‘no book is to be more 
than two feet in length, or breadth, or depth, or width.’’ Discuss this 
statement. 


If you wish your babies to learn arithmetic without tears—nay, with some 
pleasurable excitement—consider the claims of the Oxford Picture Arithmetics. 


Mr. Krishnaswamy’s Problem Papers are “an attempt to elevate the 
student from the ordinary text-book level and give him a real insight into 
mathematics.” The first fifty papers are of the usual scholarship standard 
in Pure Geometry, Algebra and Trigonometry, and a considerable proportion 
of the questions seem to be original. Answers and hints are supplied to this 
part of the book. Many of us will be interested in the couple of dozen pages 
of mathematical curiosities and questions on the Theory of Numbers, in which, 
again, are old friends and new faces. Now and then one has to remember 
that the author is writing in a foreign medium, the wording of a question re | 
ambiguous—e.g. “‘a number contains two squares:’’ The following question wil 
strike dismay into the heart of the innocent: ‘‘ If a number be inverted, 
squared and again inverted, we get the square of the number. Findit. How 
many such numbers are there ?”’ A very useful and interesting collection. 


242. With reference to the General Knowledge questions set by the Civil 
Service Commissioners, allow me as a successful candidate at the November, 
1920, examination, to express my views. 

The majority of the papers were set to “catch” the candidate. In my 
arithmetic paper I was asked to find the length and breadth of an oblong, in 
square feet.—‘ Ernie Erald.” 


243. Circles to square, and cubes to double 
Would give a man excessive trouble. 


—Prior, Alma, Canto iii. 336-7 (per Sir G. Greenhill). 
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EXAMINATIONS SUB-COMMITTEE. 


Tuis Committee is appointed for the purpose of considering criticisms of 
questions set in examinations. Criticisms should be sent to the Hon. 
Secretary, Mr. W. J. Dobbs, 12 Colinette Road, Putney, S.W. 15. 


A POST-GRADUATE SUMMER SCHOOL. 


A Sommer School for Post-Graduate Studies in Mathematics is being 
organized by the Extra-Mural Department of the University of Manchester. 
If there are sufficient entries it will be held at Bangor from Monday, 
August 25th, to Saturday, September 6th. Hostel or other accommodation 
with board will be provided for applicants who do not desire to make their 
own arrangements as regards board and lodging ; particulars of charges for 
such accommodation, etc., will be sent on enquiry. It is intended to offer a 
choice of three courses, each of 20 lectures—on Higher Geometry (by Mr. 
H. W. Richmond, F.R.S., of King’s College, Cambridge), on Theory of 
Functions (by Prof. L. J. Mordell, F.R.S.), and on the Elements of the 
Theory of Relativity (by Prof. S. Chapman, F.R.S.). The tuition fee for the 
fortnight is three guineas, of which half a guinea should be sent on 
application as a registration fee. All enquiries should be sent to Miss D. 
Withington, the University, Manchester. 


YORKSHIRE BRANCH. 


A MEETING of the Branch was held on Saturday, March 8th, at University 
House, Leeds. Mr. W. F. Beard of Wakefield Grammar School presided. 

The Chairman announced that the Executive Committee decided 
(1) that copies of the recent report on ‘‘ The Teaching of Geometry in Schools ” 
should be sent to members of the Branch, who are not members of the Central 
Association, (2) that a pamphlet be printed and sent to members of the Branch 
giving an account of each year’s activities, and (3) that no charge be made 
for tea at future Branch meetings. 

The Chairman referred to the approaching departure of the present Secretary 

and Miss H. N. Stephen of the Leeds Girls’ High School was elected to succeed 
him. Mr. W. Peaker of the Cockburn High School, Leeds, was elected Trea- 
surer. 
Mr. A. B. Oldfield, Senior Mathematical Master at the Pudsey Secondary 
School, then gave an able and instructive paper on “Some Aspects of the 
Teaching of Geometry,” in which he referred to the reports of the committees 
of the Assistant Masters’ Association and of the Mathematical Association. 
He advocated a free and vigorous treatment, combined with practical work, 
for laying the foundations of the subject, and pointed out why a stereotyped 
sequence was opposed to progress at the present time. The paper provoked 
much discussion, and considerable difference of opinion was expressed. 

Mr. R. Stoneley of the Mathematical Department of Leeds University 
afterwards gave an address on “ Earthquakes,” in which he referred to the 
work of eminent seismologists, and showed how the compression wave, the 
transverse wave and the surface wave were transmitted from the “focus” of 
the disturbance and combined to produce their disastrous effects. 

Tea was served at the conclusion of the meeting. 


ERRATUM. 
P. 40, line 21. For “ABD” read “ADB”. 
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THE LIBRARY, 
160 CastLe Hitt, Reapinea. 


PERIODICALS. 


Tue Maruematics TEACHER, 1908. 


Prof. W. H. Metzler has filled the gaps in our run of this American quarterly, 
and the set is now complete from the commencement. 


Revista MatemAtica 1919. 

Thanks to the generosity of the Sociedad Matematica Espafiola and to the 
courtesy of the secretary, Dr. J. Rey Pastor, gaps in this set have been filled. 
We still lack Vol. I, Nos. 1-2, and the indexes to Vols. I and II, ail of which 
are out of print. Any member able to secure these would be conferring a 
great boon on the Association. 


Donations of back numbers of the Gazette are always welcome. 


A REQUEST. 


Mr. T. H. Dowling, 46 Lower Baggot Street, Dublin, wishes to consult 
LT’ Educateur Moderne, Vol. 7 (1912), and will be very grateful to any member - 
who can either lend it him or tell him of a library from which it can be 
borrowed. 


244, After a rough private schooling which would surprise the luxurious 
boy of to-day, and a stay at “ beastly Charterhouse,” as he called it, Liddell 
went to Christ Church, won the appreciation of gruff Dean Gaisford, and 
finally a double first in the same class with Scott, his future colleague of the 
‘* Lexicon,” and Robert Lowe; but the latter, we may add, got only a second 
in mathematics, so short being his sight and so great his reputation that he 
was said to have rubbed out half his work with his nose. 


245. It is so Jong since many of us were at school that the meaning of the 
word “ percentage” may forgivably have been forgotten. A percentage, 
then, is only part of a hundred. For instance, 50 is part of 100; and 50 is 
therefore a percentage. Any number less than 100 is a percentage. One is 
1 per cent., 2 is 2 per cent., and so on up to 99, which is 99 per cent.—Credit- 
Power and Democracy, by C. H. Douglas and A. R. Orage (per Prof. E. H. 
Neville). 

246. Rose early to go to Pestalozzi’s school (Yverdun).... We were 
obliged to take the master’s word for it that the boys performed fluxions by 
the mere force of reasoning without opening a book!.... It is of course 
possible that this woolly-headed exponent of an obscure method of teaching 
may have a genius for clearing the ideas of his scholars. I am sure I hope 
so.—July 18, 1816, Diary of Frances, Lady Shelley. 

247. Dans ma jeunesse (répondit Quatrefeuilles) il m’arrivait souvent que 
le ventre me remontait jusque dans le cerveau, et cela donnait 4 mes idéesjla 
tournure qu’on peut se figurer. Mes études de mathématiques en ont bien 
souffert.—Les Sept Femmes de Barbe-Bleue, c. xii. p. 290, Anatole France. 
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BOOKS RECEIVED, CONTENTS OF JOURNALS, ETC. 
May, 1924. 


Assurances sur la Vie. Calcul des Primes, By H. Gatsrun. [Tome iii. Fase. i. 
Traité du Calcul des Probabilités. Applications aux Sciences Economiques et Bio- 
logiques. By E. Boret.] Pp. 310. 35 fr. 1924. (Gauthier-Villars.) 

Mathematical Problem Papers for Indian Colleges, with an Appendix containing 
Diophantine and other Recreation Problems. By A. A. KrisHNaswaMy. Pp. 
iv+140. Re. 1-4. (Wesleyan Mission Press, Mysore.) 

Advanced Vector Analysis, with Applications to Mathematical Physics. By 
C. E. WEATHERBURN. Pp. xvi+222. 15s. net. 1924. (Bell & Sons.) 

A Course of Experimental Mechanics. By H. J. E. Battzy. Pp. xvi+223. 
7s. 6d. net. 1924. (Chapman Hall.) 

Analytical Conics. By D. M. Y. Sommervitte. Pp. vii+310. 15s. net. 
1924. (Bell & Sons.) 

The Theory of Relativity. Three Lectures for Chemists. By E. FreunDLicn. 
Trans. by H. L. Brose. Introduction by Viscount HALDANE. Pp. xii+98. 
5s. net. 924. (Methuen.) 

Topics in the Calculus. By G. Rutteper. Pp. viii+252. $2.20. 1924. 
(Ginn & Co.) 

Lectures on Cauchy’s Problem in Linear Partial Differential Equations. By J. 
Hapamarp. [Silliman Memorial Lectures, Yale.] Pp. viii+316. 15s. net. 
1923. (Per Oxford Univ. Press.) 

History of Mathematics. Vol. I. A General Survey of the History of Elementary 
Mathematics. By D. E. Smiru. Pp. xxii+596. 21s. net. 1923. (Ginn.) 

Una Massima di Abel. By Gino Loria. Pp. 19. Reprinted from Periodico 
di Matematiche. Jan. 1924. 

Psicologia dei Matematici. By Gino Loria. Pp. 9-20. Reprinted from Scientia. 


Jan. 1924. 


Matematici nella Vita Pubblica. By Gro Loria. Pp. 144-155. Reprinted from 
Archivio di Storia della Scienza. June, 1923 

The Number System of Arithmetic and Algebra. By D. K. Picken. Pp. viii +76. 
n.p. 1923. (University Press, Melbourne, Victoria, Australia.) 

Binomial Factorisations. Giving Extensive Congruence-T ables with Factorisation- 
Tables. Vol. I. with Vol. IV. (Supplement to Vol. I.). By Lt.-Col. A. J. C. Cun- 
nrncHaM. Vol. I. Pp. xcvi+288. 15s. net. Vol. IV. Pp. vi+160. 5s. net. 
1923. (F. Hodgson.) 

The Foundation of Einstein’s Theory of Gravitation. By E. Freunpuicu. Pp. 
xvi+140. 6s. net. 1924. (Methuen.) 

The Theory of Relativity. Three Lectures for Chemists. By E. FREUNDLICH. 
Pp. xii+98. 5s. net. 1924. (Methuen.) 

A General Text Book of Elementary Algebra. By E. H. Cuapman. Pp. vii+512. 
7s 6d. net. 1923. (Blackie.) 

The Calculus of Observations. By E. T. Wuiraker and G. Rosinson. Pp. 
vii+395. 18s. net. 1924. (Blackie.) 

The Earliest Arithmetics in English. Edited, with Introduction by R. STEELE. 
Pp. 84. 15s. net. 1923. (Early English Text Society. Clarendon Press.) 

On the Application of the Quantum Theory to Atomic Structure. Part I. Funda- 
mental Postulates (Supplement, Proc. Cam. Phil. Soc.) By N. Bonr. Pp. 42. 
3s. 6d. 1924. (Cam. Univ. Press.) 

Did Pitiscus wse the Decimal Point? Lek, F. Casorr. Pp. 313-318. Reprint from 
Archivio di Storia della Scienza. Dec. 1 

L’ Analysis Situs et La Géométrie By 8. Lerscuatz. Pp. vi+154. 
20 fr. 1924. (Gauthier- Villars.) 
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Abhandlungen aus dem Mathematischen Seminars der seein: 
Universitat. (Math. Seminars, Hamburg.) 


Nov. 1923. 
Allgemeine Begriindung der Theorie der hoheren ¢-Funktionen. Pp. 1-11. Cu. H. Méntz- 
Beitrage zur Viggo Brunschen Methode in der Za Pp. 12-30. H. RADEMACHER.- 


Grundlagen der konformen Flachentheorie. Pp. 31-56. G. THOMSEN. The Analytic Character 
of the Sum of a Dirichlet’s Series considered 57-68. G. H. HARDY and J. E. 
LitTLEWooD. Zur Grundlegung der kombina ie. Pp. 69-88. R. FURCH. 
Uber eine neue Art von L-Reihen. Pp. 89-108. .y poy 


Academia pro Interlingua. (Cavoretto, Torino.) 
Dec. 1923. Part 4. Pp. 16. 
No. 1, Feb. 1924. 


American Journal of Mathematics. (Wesley & Son, London.) 
Oct. 1923 


ain Subgroups in the Group of Isomorphisms of Prime Power Abelian Groups. Pp. 223- 
250. NDER. The Isodyadic Quintic. Pp. 251-254. J.C. GLASHAN. On Class 
N Soir ‘asia for Bilinear Forms in Four Variables. Pp. 255-258. E.T. BELL. Relative 
Inclusiveness of certain Definitions of Summability. Pp. 259-285. D.S.MorsE. Modular 
Invariants of a Binary Group with Composite Modulus. Pp. 286-293. C. R. BALLANTINE. 
ge ge ve of a Surface by its Curvatures and Spherical Representation. Pp. 294-314. 

. C. GRAUSTEIN. 


Jan. 1924. 


On the Theory of Numbers and Generalised Quaternions. Pp. 1-16. L. E. DICKSON. A 
Study of the Rational Involutorial Transformations in Space which leave a Web of Sextic Sur- 
faces Invariant. Pp. 17-36. J. O. OSBORN. On the Reduction of Differential Parameters 
in terms of Finite Sets, vy remarks concerning Differential Invariants of Analytic Trans- 
eg ore Pp. 37- 54. O. E. GLENN. On the Isodyadic Septimic Equations. Pp. 55-69. 

GLASHAN, 


The American Mathematical Monthly. (Lancaster, Pa.) 
Dec. 1923. 


The Development of “‘ Partitio-Numerorum,” with particular reference to the work of Messrs. 
Hardy, Littlewood, and Ramanujan. Pp. 416-425. A. w KEMPNER. The Geometry of Riemann. 
and Einstein. Pp. 426-438. J. PIERPONT. Discussions: to Log (x!). 
439-441. E. B. Escort. Note on Total Representations as Sums of Squares. Pp. 441-442. 
ies BELL. <A Graphical Method of Solving Simultaneous Linear Equations. Pp. 442-443. 

. F. BALLANTINE. 


Jan. 1924. 


Mathematicians and Music. Pp. 1-25. R. C. ARCHIBALD. The Geometry of Riemann 
and Einstein. Pp. 26-39, J. PIERPONT. The Consequences of Rolle’s Theorem. Pp. 40-42. 
A.A. BENNETT. Note on the Comparison of Aggregates. P.42. H.L. SLOBIN. 

Feb. 1924. 

Mathematical Methods in Economic Research. Pp. 57-64. C.C. Morris. Rahn’s Algebraic 
Symbols. Pp. 65-71. F. CAsonI. The Three-Bar Curve. Pp. 71-77. F. V. The 
Dynamics of Monopoly. Pp. 77-83. G.C. EVANS. Euler’s Output, A Historical Note. Pp. 
83-84. W. W. ROUSE BALL. Note on the Catenary. Pp. 85-86. H.M.DADOURIAN. An 
Inequality in connection with Logarithms. Pp. 86-90. A. A. BENNETT. A Mathematical 
Treatment of Perspective. Pp. 90-91. J.P. BALLANTINE. 


Annals of Mathematics. (Lancaster, Pa.) 
March, 1923. 
On the potential of a homogeneous spherical cap of a magnetic shell, —. VA a —_ electric 


current. Pp. 181-208. C. DE JANS. On cyclic-harmonic curves. Pp. 2 H. HILTon. 
Multiple integrals in n-space. Pp. 213-226. P. FRANKLIN. On inN ‘variables. 
Pp. 227-236. A. DRESDEN. Algebraic fields. Pp. 237-264. J. H. M. WEDDERBURN. A 


theorem concerning certain unit matrices with integer elements. Pp. 265-270. H.R. BRAHANA. 
June 1923. 


An Introduction to the Theory of Elliptic Functions. Pp. 271-351. G. MITTAG-LEFFLER. 
Cyclotomic quinquisection for all primes of the form 10n +-1 between 1900 and 2100. Pp. 352-354. 
O. UPADHYAYA. Geodesic Lines in Riemann Space. Pp. 335-358. R. HENDERSON. A 
functional equation from the Theory of the Riemann ¢(s)-function. Pp. 359-366. A. ARWIN. 
The Geometry of Paths and General Relativity. Pp. 367-392. L. P. EISENHART. 


Bolletino della Unione Matematica Italiana. 
Feb. 1924. 


Sulla misura det gruppi di punti di una retta. Pp. 1-8. G. ViTatl. La trasformazione di 
Ionas delle superficie R. Pp. 8-10. G. FuBINiI. Sistemi conjugati e sistemi assiali di linee 
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sopra una superficie dello spazio ordinario. Pp.10-16. E.BOMPIANI. 
degli intorni circolari.”’ 16. E. G. TOGLIATTI. 


Bulletin of the American Mathematical Society. (Lancaster, Pa.) 
Jan.-Feb. 1924. 


Note on Stability a la 17-18. F.H. Murray. Applicability with Preservation 
of both Curvatures. Pp. 19-23. . C. GRAUSTEIN. Complete Sets of Representations of Two- 
Element Algebras. Pp. 24-30. BY A. BERNSTEIN. _Brouwer’s Contributions to the Foundations 
of Mathematics. Pp. 31-40. A. DRESDEN. <A Qualitative Definition of the Potential Functions. 
Pp. 41-50. P. FRANKLIN. On the Location of the Roots of Polynomials. Pp. 51-62. J. J. 
WaALsH. National Research Council Report on Algebraic Numbers. Pp. 63-65. E.T. BELL. 


Bulletin of the Calcutta Mathematical Society. (Calcutta Univ. Press.) 

XIV. 2. ; 

Equitense Transformations about a Fixed Point taken as Origin. Pp. 65-90. C. E, CULLIS. 
On the Evaluation of some Factorable Continuants. Pp. 91-106. 

The Eugenics Review. (Macmillan.) 

Jan. 1924. 


A proposito del *‘ teorema 


Gazeta Matematica. (Chibrituri, Bucharest.) 

Feb. 1924. 

Asupra unei Formule a lui Hermite. Pp. 201-204. A.ANGELESCU. Teoreme asupra Triung- 
hiului. Ill. Transformarea prin Inversiune Generalizata. Pp. 205-211. G. C. MOISIL. 

March, 1924. 

Probleme in numere deslegate prin algebra. Pp. 241-245. I. Ionescu. 


Intermédiaire des Mathématiciens. (Gauthier-Villars.) 
Sept.-Oct. 1923; Jan.-Feb. 1924. 


Jahresbericht der Deutschen Mathematiker-Vereinigung. (Teubner.) 

LIT. 5-8. 

Zur Erinnerung an K. G. C. von Staudt. Pp. 97-119. M.NOETHER. Zur Dreiecksgeometrie. 
Pp. 119-132. 8S. BREUER. Zur Lieschen ugelgeometrie im Nichteuklidischen Raum. Pp. 
132-147. H. BEcK. Modulsysteme und Differentialgleichungen. Pp. 148-155. E. FISCHER. 
Zusammenhang zwischen relativer Flichentheorie und einer Veraligemeinerung der Zyklographie. 
Pp. 155-160. E. MULLER. Affinitdt und Kollineation im Raume. Pp. 160-174. O. STAUDE. 
Uber Mengen Konvexen Korper mit Punklen. Pp. 175-176. E. HELLY. 
Algebraische und _ Differentialinvarienten. Pp. 177-184. E. NOETHER. Uber allgemeine 
Konvergenzsitze der komplexen Funktionentheorie. Pp. 185-194. A. OSTROWSKI. Uber 
Fouriersche Reihen. Pp. 194-200. O. SZasz. we zu einem Blaschkeschen Konver- 
genzsitze. Pp. 198-200. K. LOWNER and T. Rabo 


The Journal of the Indian Mathematical Society. (Varadachari, Madras.) 
Oct. 1923. 


On the Coefficients in the expansion of cn (x, k). Pp. 98-99. C. KRISHNAMACHARI and M. 
BHIMASENA Rao. An Extension of the Harmonic Relation between Conics. Pp. 100-103. 
= ee The Homographic Break-up of Certain Derived Loci. Pp. 104-112. 

. N. Rao. 

Dec. 1923. 

The Homographic break-up of certain derived Loci. Pp. 113-118. A. N. Rao. On the 
Cross-Ratio of Four Point-groups of an Invoiution. Pp. 119-120. R. VAIDYANATHASWAMY. 
The Hindu Sine-Table. Pp. 121-126. A. A. K. AYYANGAR. The Modular Equations of 
the Third Order. Pp. 127-140. M. B. RAo. Common Normals to the Algebraic Curves. 
Pp. 90-94. On a Formula in Solid Geometry. Pp. 95-6. F. H. V. GULASSKHARAM. 


Journal of the Mathematical Association of Japan for Secondary 
Education. 


Nov. 1923. 


Journal of the Science Association, Maharajah’s College, Vizianagaram. 
(Hoe, Premier Press, Madras.) 


July-Oct. 1923. 


On the Geometrical Se — of Cayley’s Condition for the Collinearity of Three Points on 
aCubic. Pp. 100-106 LAKSHMANAMURTHI. 
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Periodico di Matematiche. (Zanichelli, Bologna.) 

Jan. 1924. 

Il significato umanistico della scienza nella cultura nationale. . 1-6. F. ENRIQUEZ. Una 
massima di Abel. Pp. 22-39. Gino Loria. II trattati di infinitesimale da ca? 


Gouely. Pp. 39-58. I. ZAVAGNA. Sulla stabilita delle lavagne a cavalletto. Pp. 59-73. 
VI-CIVITA. 

Proceedings of the Edinburgh Mathematical Society. (Bell & Sons.) 
Vol. 41. (Sessions 1922-23.) 

James Gregory’s Mathematical Work : A Study based chiefly on his ge eal ohio 1-25. G. A. 
GIBSON. On the Solutions of Mathieu's Differential Equations and their A eR 
Pp. 26-48. J. DOUGALL. Space-filling Tetrahedra in Euclidean Space. — 0-37, M. Y. 
SOMMERVILLE. On Curved Barriers. Pp. 58-62. S. BRODETSKY. On a New Method of 
Graduation. Pp. 63-75. E. T. WHITTAKER. On a Linear Partial Differential Equation of 
Hyperbolic Type. 3 . E. T. Copson. The Asymptotic Expansions of the Sphericat 
Harmonics. . 82-903. T. M. MACROBERT. Associated Mathieu Functions. Pp. 94-99. 
E. L. INCE. Tubes of Force in a Special Class of Magnetic Fields. Pp. 100-107. G. S$. 
EASTWOOD. On the non-Euclidean Analogues of Tarry’s Point. Pp. 108-115. J. P. GABBATT, 
Gordan’s Theorem for Double Binary Forms. Pp. 116-127. H.W. TURNBULL. The Vibrations 
of a Particle about a Position of Equilibrium (Parts ITI. and IV.). 2 . B. B. BAKER. 
Mathematical Notes :—The Nor-Tan Circle of the Parabola. Pp. 7. J. C. RIvcHie. 
(i) Hero’s Formula and the Construction of Triangles. (ii) The Ambiguous Case. (iii) The Simson 
Line. Pp. 148-152. A. A. K. AYYENGAR. 

Revista de Matematicas. (Bulnes, 44, Buenos Aires.) 

Dec. 1923. 

- Algunas congruencias. Pp. 172-177. I. LINTES. 


Jan. 1924. 


Revista Matematica Hispano-Americana. (Soc. Mat. Espafiola, Madrid.) 
June, 1923. 
El Profesor Einstein. Pp. 129-135. Relacidén de los Trabajos del Profesor Alberto Einstein. 
. La Oboa de Einstein fuera de la Teoria de la Relatividad. 142-152. R, 
rticién de red Conductora (intro duccié Andlisis 
Pp. 153-164. Diferencia —— que comportan 
modo invariantivo. Pp. 165-176. bsoluta. Pp. 186. A. 
EDDINGTON. 
Jan.-Feb. 1924. 
Andlisis Situs Combinatorio (cont.). Pp. 1-9. H. WEYL. Sobre la Traslacién Paralela 
Infinitesimal. Pp. 10-18. F. 
School Science and Mathematics. (Mount Morris, Illinois.) 
Feb. 1924. 
The Terminology of Elementary Geometry. Pp. 162-167. L.C. KARPINSKI and A. M. FIEDLER. 
March 1924. 


Mathematics. Pp. 264-272. E. G. BurGEss. Math tical Short of the Greeks. 
Pp. 284-287. G. A. oe Disguised Facts. Pp. 287-290. W. V. ae The Cyclic 
Quadrilateral. Pp. 296-300. 


April, 1924. 


Class Room Devices in Teaching Algebra and Geometry. Pp. 345-349. J. A. NYBERG. Pro- 
jects Tested in Teaching Denominate Numbers. Pp. 366-369. J.L. GREEN. Common Objec- 
tions to the Study of Mathematics. Pp. 376-381. A. J. CAVE. 


Sitzungsberichte der Berliner Mathematischen Gesellschaft. 
XXII. 1, 1923. 


21- a 

Pp. 33-37. E. JACOBS- 

hten Abbild Pp. 38-47. 
G. SZEG6. n-te Wurzel aus einer linearen Substitution von 3 Verdnderlichen. 
Pa: ©; WELTZIEN. Uber eine mit den Flichen 2 Grades zusammenhiingende zweifach- 

unendliche Schar auf ei lbarer algebraischer Flichen. Pp. 49- 63. H. JONAS. 


Unterrichtsblitter fiir Mathematik und 
(O. Salle, Berlin.) 
Nos. 7-8, 1923. 


Die darstellende Geometrie auf der Schule. Pp. 76. E. SAKOWSKEI. und 
unsere Fdcher. Pp. 76-80. B. BAVINK. Ueber die Neuenerprobe. Pp. 82-83. — 
MANN. Die projektive Entstehung der Pp. 83-84. 


Uber die Variationsbreite einer Beobachtungsreihe. Py ; 
és Klasse von Mittelbildungen mit Anwendungen au ie Det 
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BELL'S NEW MATHEMATICAL BOOKS 


Crown 8vo. In 2 parts.. Part I ready shortly. About 3s. 6d. 
Part II in preparation. 


A SCHOOL MECHANICS 
By C. V. DURELL, M.A., 
Senior Mathematical Master, Winchester College. 


Statics and Dynamics are treated together, the topics being arranged 
in order of ascending difficulty. The book opens with kinematics, as 
this subject is a natural extension of ideas already made familiar by 
previous work, and the first appeal to experience is made in connection 
with falling bodies. The statical method of measurement of force is 
then examined in great detail, and is followed by the lever and moments 
generally, the whole being built up on an experimental basis. A return 
is made to dynamics through the idea of Work, on which the remainder 
of the fundamental theory is based. In this way it is possible to include 
practical applications of machines, energy and momentum before taking 
Newton’s second law of motion or its equivalent a =; . 

The book is designed for pupils of ordinary ability rather than for 
specialists, and every effort has been made to choose examples of a 
practical nature, which test intelligence and grasp of principle rather than 
technique. Part I deals chiefly with one-dimensional problems. Parts 
Land II together cover the syllabus for School Certificate and the various 
matriculation examinations. 


Ready immediately. Crown 8vo. 


AN ELEMENTARY COURSE IN 
ANALYTICAL GEOMETRY 


By The Rev. B. C. MOLONY, O.B.E., M.A., 
Assistant Master at Rugby School. 


In this book the author has attempted to present ‘the subject in 
such a way that Conic Sections appear as a special important case 
after an elementary course in simple curves of any degree has been 
taken. The book will, it is hoped, prove useful both to boys taking 
such a course as that needed for the Army Examination, and to boys 
taking a more advanced course ; many chapters have accordingly been 
divided into two parts, of which Parts I form a continuous course for 
the less advanced student, while Parts II contain the bookwork of and 
examples on subjects which are not at present needed for the Army. 
A volume containing Parts I only is published separately ; in the com- 
plete book Parts II of chapters are placed together at the end after all 
the Parts I. 


G. BELL & SONS, LTD., 
PORTUGAL STREET, LONDON, W.C. 2. 


THE MATHEMATICAL ASSOCIATION. 
(An Association of Teachers and Students of Elementary Mathematics.) 


“1 hold every man a debtor to his profession, from the which as men of course do seek to receive Mm 
countenance and profit, so ought they of duty to endeavour themselves by way of amends to be G 
a help and an ornament thereunto.”—Bacon. ; 


President: 
Professor G. H. Harpy, M.A., F.R.S. 
Bice-Presidents : 
Prof. G. H. Bryan, Se.D., F.R.S. Prof. T. P. Nunx, M.A., D.Se. q 
Prof. A. R. Forsyta, Se.D., LL.D., | A. W. Srppons, M.A. 
F.R.S. Prof. H. H. D.Sc., D.C.L.,. 
Prof. R. W. M.A. F.R.S. 
Sir Grorce GREENHILL, M.A., F.R.S. Prof. A. N. Wuirznrap, M.A, 
Sir T. L. Hearn, K.C.B., K.C.V.O., Se.D., F.R.S. 
D.Sc., F.R.S. Prof. E. T. Wurrraker, M.A.,, 
Prof. E. W. Hoxsson, Se.D., F.R.S. Sc.D., F.R.S. 
A. Lopex, M.A. Rev. Canon J. M. Witson, D.D. 
Hon. Treasurer : 
F. W. Hitt, M.A., 9 Avenue Crescent, Acton, London, W. 3. 
Hon. Secretaries : 
C. Penpursury, M.A., 39 Burlington Road, Chiswick, London, W. 4. 
Miss M. Punnert, B.A., The London Day Training College, Southampton 
Row, London, W.C. 1. 
Hon. Secretarp of the General Teaching Committee: 
R. M. Wrieat, B.A., Eton College, Windsor. 
Hon. Secretary of the Examinations Sub-Committee: 
W. J. Dosss. M.A., 12 Colinette Rd., Putney, 8.W. 15. 
Editor of The Mathematical Gazette : 
W. J. Greenstreet, M.A., The Woodlands, Burghfield Common, Reading, 
Berks. 


Hon. Pibrarian: 
Prof. E. H. Nevitir, M.A., B.Se., 160 Castle Hill, Reading. 
Other Members of the Council: 
S. Bropversky, Ph.D., M.A., B.Sc.; Prof. W. P. Ming, M.A., D.Se. 
A. Dakiy, M.A., B.Sc. Prof. W. M. Roprrts, M.A. 
Miss M. J. Grirritn. W. F. Suepparn, Se.D., LL.M. 
Miss E. R. Gwatkin. C. O. Tuckey, M.A. 
H. K. Marspey, M.A. C. EK. Wituiams, M.A. 


THE MATHEMATICAL ASSOCIATION, which was founded in 1871, as the Association for 
the Improvement of Geometrical Teaching, aims not only at the promotion of its original 
object, but at bringing within its purview all branches of el tary mathematics. 

Its purpose is to form a strong combination of all persons who are interested in. 

romoting good methods of teaching mathematics. The Association has already been 
ety successful in this direction. It has become a recognised authority in its own 
department, and has exerted an important influence on methods of examination. 

The Annual Meeting of the Association is held in January. Other Meetings are held 
= = At these Meetings papers on elementary mathematics are read and 

iscussed. 

Branches of the Association have been formed in London, Bangor, Yorkshire, Bristol, 
Manchester, Cardiff, Sydney (New South Wales), and Queensland (Brisbane). Further 
information concerning these branches can be obtained from the Honorary Secretaries- 
of the Association. 

“The Mathematical Gazette” (published by Messrs. G. Brit & Sons, Lr.) is 
the organ of the Association. It is issued at least six times a year. The price per copy 
(to non-members) is usually 2s. 6d. each. The Gazette contains— 

1) ARTICLES, mainly on subjects within the scope of elementary mathematics ; 
2) Nores, generally with reference to shorter and more elegant methods than those 
in current text-books ; 

(3) Reviews, written by men of eminence in the subject of which they treat. They 
deal with the more important English and Foreign publications, and their aim, where- 
possible, is to dwell on the general development of the subject, as well as upon the part: 
played therein by the book under notice ; 

i Suort Notices of books not specially dealt with in the REVIEWS ; 

5) QUERIES AND ANSWERS, on mathematical topics of a general character, 
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